Chapter 8

Multi-dimensional Panels in Quantile
Regression Models
Antonio F. Galvao and Gabriel V. Montes-Rojas

Abstract This chapter studies estimation and inference methods for multi-dimensional quantile regression panel data models. First, we discuss the fixed effects
(FE) model. This model imposes a relatively restrictive asymptotic condition on the
growth of the time series dimension relative to the cross section dimension. Nevertheless, extending the FE to three or more dimensions allows for larger data availability, and might help to relax the stringent condition on the time series. We also
present a model for the smoothed FE quantile regression case. Second, we present
a random effects (RE) model. This model has the advantage of allowing for small
time-series dimension. Finally, we present a correlated RE model. In this case, the
unobservable individual-specific effects are modeled as a function of observables
and a disturbance.

8.1 Introduction
Standard panel data consisting of observations across time for different individuals
allow the possibility of controlling for unobserved individual heterogeneity. Such
heterogeneity can be an important phenomenon, and failure to control for it may
result in misleading inference. This problem is particularly severe when the unobserved heterogeneity is correlated with explanatory variables. Recently, rich panel
data sets have become widely available and very popular. They provide a large number of data points, allow analysis of the dynamics of adjustment, as well as control
for individual specific heterogeneity.
Quantile regression (QR) models have provided a valuable tool in economics and
statistics as a way of capturing heterogeneous effects that covariates may have on the
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outcome of interest, exposing a wide variety of forms of conditional heterogeneity
under weak distributional assumptions. Koenker (2004) introduced a general approach to the estimation of QR for panel data models. The panel QR has attracted
considerable interest in both the theoretical and applied literatures. It allows one
to explore a range of conditional quantiles, thereby exposing a variety of forms of
conditional heterogeneity, and to control for unobserved individual-specific effects.
Controlling for individual heterogeneity, while exploring heterogeneous covariate
effects within the QR framework, offers a more flexible approach to the analysis of
panel data than that afforded by the classical fixed and random effects mean-based
estimation. QR panel data models are able to capture these two types of heterogeneity in a single framework.
The extension of the two-dimension to the three or higher-dimensional panel data
framework has implications for modeling, estimation and inference of conditional
quantile models. In turn, these depends on the nature of the multi-dimensional setting, i.e., nested or non-nested, and the type of estimation and inference analyses to
be implemented. Moreover, whether the individual-specific effects are correlated or
not with the covariates, and at which level, are important elements for the analysis
of panel data QR. This chapter studies panel data QR models for multi-dimensional
panels and looks into three-dimensional (and higher-dimensional) settings. We concentrate on the standard linear models and discuss the multi-dimensional panels for
both fixed and random effects models, and also for correlated random-effects models.
First, we discuss the fixed effects (FE) QR model. The FE-QR allows for
individual-specific effects in which no parametric assumptions on the relationship
between the specific effects and the covariates are made. Unfortunately, the standard
FE-QR estimator is subject to the incidental parameters problem. In addition, there
is no general transformation that can suitably eliminate the specific effects in the
QR model. Thus, it has been customary to impose a relatively restrictive condition
on the growth of the time series dimension relative to the cross section dimension.
Nevertheless, extending the standard FE to three dimensions allows for larger data
availability, and might help to relax the stringent condition on the time series. In
this case, it is even possible that the time dimension is fixed, while the other two
dimensions satisfy alternative requirements for asymptotic analysis.
Second, we present the random effects (RE) QR model. The RE-QR model imposes that the specific components are independent of the regressors. In spite of this
restriction, in the RE-QR model the unobserved specific effects affect the unobservable variable, which induces heterogeneity across the conditional quantile function
of the dependent variable. In addition, the RE-QR has the advantage of allowing
for time-invariant regressors, and allows the time-series dimension to be small and
fixed.
Finally, we briefly consider the correlated random effects (CRE) QR model. In
this case, the unobservable individual-specific effects are modeled as a function of
observables and a disturbance. In addition, we will suggest specific guidelines for
practitioners in applied work.
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The chapter is organized as follows. Section 8.2 describes the fixed effects models considering individual-specific heterogeneity in multi-dimensional panels and
analyzes these panel data structures. Section 8.3 studies random-effects models,
while Sect. 8.4 explores correlated random-effects frameworks. Finally, Sect. 8.5
summarizes some specific issues for practitioners.

8.2 Fixed Effects Models
In this section we consider a multi-dimensional FE-QR model. In particular, we
present a three-dimensional panel data set where the variables of the model are
observed along three indices given by the index set (i, j,t) where i ∈ {1, ..., N1 },
j ∈ {1, ..., N2 } and t ∈ {1, ..., T }, respectively. A FE-QR model with individualspecific and time-specific effects can be written as
Qτ (yi jt |xi jt , αi , γ j , λt ) = xi jt β (τ) + αi (τ) + γ j (τ) + λt (τ),

(8.1)

where yi jt is a dependent variable, xi jt is a p-dimensional vector of explanatory
variables, αi and γ j are the i-th and j-th individual-specific effects, respectively, λt
the time-specific effect, and Qτ (yi jt |xi jt , αi , γ j , λt ) is the conditional τ-quantile of yi jt
given (xi jt , αi , γ j , λt ). For future reference, we will define πi jt := (αi , γ j , λt ), πi j :=
(αi , γ j ), and N = N1 · N2 . This notation simplifies the discussion on the asymptotic
properties, since it implicitly allows us to write N → ∞ when both N1 and N2 diverge
to infinity, or when one of these dimensions is fixed and the other grows to infinity.
In practice, it is often the case that only one individual dimension is large (e.g.,
firm-employee linked data when the number of employees is much larger than the
number of firms). Thus, one dimension, say N1 , might be small or considered fixed,
while the other(s), say N2 , is considered large. Therefore, given the specific model
of interest to establish the asymptotic properties of the desired estimator, one may
consider different scenarios:
(i) N1 → ∞ and N2 fixed, T → ∞,
(ii) N1 fixed and N2 → ∞, T → ∞,

(8.2)

(iii) N1 → ∞ and N2 → ∞, T fixed,
(iv) N1 → ∞ and N2 → ∞, T → ∞.
Model (8.1) can be written as
yi jt = xi jt β (τ) + αi (τ) + γ j (τ) + λt (τ) + εi jt (τ),

(8.3)

where εi jt (τ) has a zero conditional τ-quantile given (xi jt , α j , γ j , λt ). In general,
each αi , γ j , λt and β can depend on τ, but we assume τ to be fixed throughout the
section and suppress such dependence for notational simplicity whenever there is
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no confusion. Model (8.3) assumes that each individual-specific i and j effect enters
additively in a linear model.
Koenker (2004) defines the conditional τ-quantile of interest for the dependent
variable y conditional on x, for τ ∈ (0, 1). Two different models can be proposed
using this set-up depending on the interpretation of the individual-specific effects.
The first is a model in which individual effects do not vary across τ as in Koenker
(2004). In this case, the multi-dimensional effects have a pure location shift effect on
the conditional quantiles. In this case, the pair (i, j) contains intrinsic characteristics
which are assumed to be constant when studying conditional heterogeneity. Thus
covariate heterogeneity is analyzed at a different level to individual heterogeneity.
The second is a model in which individual effects are τ-specific as in Kato et al.
(2012). This is a more flexible approach in which (i, j) effects are allowed to vary
across the conditional heterogeneity. This is called the distributional shift model.
However, the QR restrictions on estimation and asymptotic properties reveal that
the large T requirement applies to both models, and the choice of each model is a
trade-off between flexibility and degrees of freedom (i.e., number of observations
with respect to the number of parameters, including the individual effects, to be
estimated).
The location conditional τ-quantile of interest for the dependent variable y conditional on x is
Qτ (yi jt |xi jt ) = β (τ)′ xi jt + πi jt ,
(8.4)
in which π has a pure location shift effect on the conditional quantiles. This quantile
model assumes the restrictions Qτ1 (yi jt |xi jt ) − Qτ2 (yi jt |xi jt ) = (β (τ1 ) − β (τ2 ))′ xi jt
for all τ1 , τ2 ∈ (0, 1), that is, covariate heterogeneity is present only through changes
in the slope parameters β .
The distributional conditional τ-quantile of interest for the dependent variable y
conditional on x is
(8.5)
Qτ (yi jt |xi jt ) = β (τ)′ xi jt + πi jt (τ),
in which π has a location-scale shift effect on the conditional quantiles. This quantile
model assumes that Qτ1 (yi jt |xi jt ) − Qτ2 (yi jt |xi jt ) = (β (τ1 ) − β (τ2 ))′ xi jt + πi jt (τ1 ) −
πi jt (τ2 ), for all τ1 , τ2 ∈ (0, 1), that is, covariate heterogeneity is present through
changes in the slope parameters β and i j-specific intercepts π.
For multi-dimensional panels, we can also consider a “mixed” model in which
some intercept parameters vary with τ, while others do not. The choice of the τspecific and τ-invariant components would depend on the nature of the covariate
heterogeneity to be studied.
It is generally assumed that the innovation term ε is independent across individuals, which applied to our case means independence across i and j, but not identically distributed. If the disturbances are assumed to be identically distributed, then
β (τ) = β , ∀τ ∈ (0, 1), i.e., the slope parameters are equal across quantiles, all the
conditional quantiles are parallel and they only change depending on the location. In
general, however, a more flexible model allows for ε to be dependent on the conditioning set (x, α, γ, λ ), in which case β (τ) 6= β for some τ ∈ (0, 1). A canonical ex-
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ample of this situation is the location-scale model in which β (τ) = β + g(x)Fε−1 (τ),
for some function g(·) of the covariates.
Now consider the FE-QR model, for which the conditional quantile model of
interest is τ-specific,
Qτ (yi jt |xit , πi j (τ)) = β (τ)′ xi jt + πi j (τ).

(8.6)

It is standard in the panel QR literature to treat π as fixed by conditioning on it,
as in Hahn and Newey (2004), Fernandez-Val (2005), and Kato et al. (2012). Below we consider the fixed effects estimation of β , which is implemented by treating
each individual-specific effect also as a parameter to be estimated. However, given
the required estimation of πi j , the FE-QR estimator is, unfortunately, subject to the
incidental parameters problem (see Neyman and Scott, 1948; Lancaster, 2000, for a
review) and will be inconsistent if the number of individual-specific effects diverges
to infinity while the number of time periods T is fixed. It is important to note that,
in contrast to mean regression there is no general transformation that can suitably
eliminate the specific effects in the QR model. This intrinsic difficulty was recognized by Abrevaya and Dahl (2008), among others, and was clarified by Koenker
and Hallock (2000). They remarked that “Quantiles of convolutions of random variables are rather intractable objects, and preliminary differencing strategies familiar
from Gaussian models have sometimes unanticipated effects” (p.19).
Therefore, given these difficulties, in the QR panel data literature, it is usual to allow T to increase to infinity at a higher rate than N to achieve consistent estimators.
As a result, the standard FE-QR model given by equation (8.6) does not consider a
time-specific effect λt as a parameter to be estimated. In a multi-dimensional panel,
careful consideration of asymptotics of the relative dimensions should be considered. In addition, as we will discuss below, because of the incidental parameters
problem, one will be able to control for at most two out of the three specific effects
(α, γ, λ ). The allowed specific FE will also depend on the asymptotics considered,
as given in cases (i) − (iv) in (8.2) above.
Koenker (2004) and Kato et al. (2012) follow large (N, T ) asymptotics (for other
recent developments, see, e.g., Galvao, 2011; Galvao et al., 2013; Galvao and Wang,
2015). In the nonlinear and QR literatures, the large panel data asymptotics is used in
an attempt to cope with the incidental parameters problem. Canay (2011) proposed
a two-step estimator of the common parameters. The difference is that in his model,
no individual effect is allowed to change across quantiles, and requires an additional
restriction on the conditional average. Graham et al. (2009) show that when T = 2
and the explanatory variables are independent of the error term, the FE-QR estimator
does not suffer from the incidental parameters problem. However, their argument
does not seem to extend to general cases. Rosen (2012) addressed a set identification
problem of the common parameters when T is fixed. Chernozhukov et al. (2013)
considered identification and estimation of the quantile structural function defined in
Imbens and Newey (2009) of a non-separable panel model with discrete explanatory
variables. They studied the bounds of the quantile structural function when T is
fixed, and the asymptotic behavior of the bounds when T goes to infinity.
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In a multi-dimensional setting, the data structure determines the choice of the
individual effects that one is able to control for and determines the nature of the
model. In several cases, the researcher may be interested in exploring a particular
time-invariant covariate set (say across i but not across j). As such, one may choose
to explore heterogeneity across a certain dimension and not the other(s). In addition,
the FE quantile panel models will produce different models to index heterogeneity
depending on the conditional set. For instance, consider the model in equation (8.3).
If (α, γ, λ ) are controlled for, τ corresponds to an index of heterogeneity in the
conditional quantile function of y|(x, α, γ, λ ), which in fact depends on the quantiles
of ε. In addition, the choice of the conditional model may depend on the stringent
requirements on the time series encountered in the literature for asymptotic analysis.
In multi-dimensional panels, additional dimensions are available to the researcher.

8.2.1 Estimation and Implementation
Koenker (2004) and Kato et al. (2012) consider the estimation of the FE using standard QR for a given quantile-τ as follows
N1 N2


π̂, β̂ = arg min ∑ ∑

T

∑ ρτ (yi jt − xi′ jt β − di′ jt π),

π,β i=1 j=1 t=1

(8.7)

where di jt is a set of dummy variables that identifies the individual FE for i and j
given by π, and ρτ (u) := u(τ − I(u < 0)) as in Koenker and Bassett (1978). Note
that the coefficients β correspond to the τ-quantile slopes β (τ). The estimation of
the regression parameters can be implemented through a QR estimation augmented
by the inclusion of the di jt dummy variables. Note that standard procedures for the
estimation of the variance-covariance matrix of this augmented dummy variables estimator are feasible, and then the inference procedures described in the next section
could follow from these estimation procedures.
The optimization for solving (8.7) can be very large depending on N1 , N2 and
T . However, as Koenker (2004) observe, in typical applications, the design matrix
is very sparse. Standard sparse matrix storage schemes only require the space for
the non-zero elements and their indexing locations. This considerably reduces the
computational effort and memory requirements. Galvao and Wang (2015) address
the computational difficulties and implementation problems without sacrificing the
desirable asymptotic properties of the FE-QR strategy. They propose an efficient
minimum distance QR estimator, which is very simple to implement in practice.
This estimator is defined as the weighted average of the specific QR slope estimators, with weights given by the inverses of the corresponding individual variancecovariance matrices. Moreover, the implementation is not affected by the presence
of unbalanced data as the dummy variables strategy works for both balanced and
unbalanced panels.
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The work in Koenker (2004) also introduced an alternative approach to estimate
QR models for panel data with FE that may be subject to shrinkage by ℓ1 regularization methods. It is well known that the optimal estimator for the random effects
Gaussian model involves shrinking the individual effects toward a common value.
When there is an intercept in the model, this common value can be taken to be the
conditional central tendency of the response at a point determined by the centering
of the other covariates. In the QR model, this would be some corresponding conditional quantile of the response. Particularly, when N is large relative to T , shrinkage
may be advantageous in controlling the variability introduced by the large number
of estimated individual-specific parameters. In this case, the model with shrinkage
is



N1 N2

π̂, β̂ = arg min ∑ ∑

T

N1

N2

i=1

j=1

∑ ρτ (yi jt − xi′ jt β − di′ jt π) + η( ∑ |αi | + ∑ |γ j |) ,

π,β i=1 j=1 t=1

(8.8)

where η ≥ 0 is a (scalar) penalty or regularization parameter. Note that for η → 0
we obtain the FE estimator described above, while as η → ∞ we obtain an estimate
of the model purged of the FE. In the multi-dimensional case, the penalty is allowed
to be different depending on the specific dimensions. For instance we could consider
1
2
(ηα , ηγ ), where the penalty parameter becomes ηα ∑Ni=1
|α j | + ηγ ∑Nj=1
|γ j |. In this
case, we could have different degrees of tolerance for shrinking in the different dimensions. Usually for the dimension in which we believe that only a few FE should
be non-zero is where η(·) should be the largest.

8.2.2 Inference Procedures
As stated above, in standard FE-QR models, the asymptotic analysis for both models
requires the time series dimension, T , to increase to infinity to achieve asymptotically unbiased estimators. In a standard two-dimension FE panel, Kato et al. (2012)
show that we are required to impose more restrictive conditions on T than that found
in the linear panel data FE literature. They show that a sufficient condition to prove
asymptotic normality is N 2 (log N)3 /T → 0, which reflects the fact that the rate of
the remainder term of the Bahadur representation of the FE-QR estimator is of order (T / log N)−3/4 . The slower convergence rate of the remainder term is due to the
non-smoothness √
of the scores. It is important to note that the growth condition on T
for establishing NT -consistency of the FE-QR estimator (or other FE estimators
in general) is determined so that it “kills” the remainder term. Thus, the rate of the
remainder term is essential in the asymptotic analysis of the FE estimation when N
and T jointly go to infinity. This restriction requires the cross-sectional dimensions
to grow slower than the time-dimension.
In a multi-dimensional setting, asymptotic valid inference will depend on the
growth rate of the sample sizes described in equation (8.2). First, note that scenarios
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(i) and (ii) in (8.2) require the same conditions on the sample size as stated in Kato
et al. (2012). Nevertheless, although these models still require stringent conditions
on N relative to T , they allow the researcher to control for πi j because one of these
dimensions is finite. However, since scenarios (i) and (ii) require large T , one is not
allowed to control for λt .
Second, consider the case (iii) in (8.2). This case is also similar to that in Kato
et al. (2012) with two dimensions diverging, but the time series dimension is fixed.
In this case, one is able to control for only one individual specific effect, i or j,
and the requirements on the sample size growth are imposed on the two individual
dimensions relative to each other, such that one of the dimensions takes the role of
the time series. Note that in this case, since the time series is given, one is also able
to control for λt .
Finally, consider the case (iv) in (8.2). In this case, one is able to control for
the two individual effects, πi j , but note the time effect λt , as T diverges to infinity.
1 ,N2
However, it is important to note that the number of parameters in {(αi , γ j )}Ni=1,
j=1 is
N1 + N2 , and this is in general considerably smaller than N1 · N2 . As the conditions
discussed are imposed on N (= N1 · N2 ) relative to T , these requirements are more
stringent than those that would be required to estimate N1 +N2 parameters. The main
intuition is that although the number of parameters to be estimated grows with the
sample size, in the three-dimension panel, the number of parameters to be estimated
(N1 + N2 ) is smaller than the sample size (N = N1 · N2 ). Another remark on case (iv)
is that, since there are three dimensions in the panel data, one is able to exchange the
roles of the indices (i, j,t) and estimate one of the individual effects and the time
effect, and hence impose the restriction on the remaining dimension to grow fast
relative to the other two.
In summary, in cases (i) and (ii) choosing λt to be excluded from model (8.6)
is based on the idea that in FE models one mainly wishes to control for individual
heterogeneity, which in this case is captured by πi j . In case (iii), we could, however,
exclude one component in πi j , say αi , and let its dimension, say N1 , to increase at
a higher rate than the other dimensions, say N2 . In this case, one is able to control
for λt because T is fixed. Finally, in case (iv), one is able to control for two effects
only. In this case, one might be able to control for one individual effect and the time
effect by exchanging the roles of the indices when considering the relative sample
size growth. Therefore, different asymptotic conditions arise depending on different
models. In all cases, we need one particular dimension to grow at a faster rate than
the number of parameters to be estimated.
In practice, the asymptotic variance of FE-QR estimators depends on the density
of the innovation term. For this estimation, different techniques have been suggested
and implemented in the literature to produce a consistent estimation of the variancecovariance matrix.
Now we describe the asymptotic normality of β̂ for case (iv) in (8.2), which
can be obtained as in Kato et al. (2012). The other cases are parallel to the standard FE panel data in Kato et al. (2012). Under some regularity conditions, and
N 2 (log N)3 /T → 0, we have that
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d

NT (β̂ − β ) → N{0, τ(1 − τ)Γ −1V Γ −1 } .

Let
N1 N2

π̃i j := E[ fi j (0|xi j1 )xi j1 ]/ fi j (0)

and ΓN := N −1 ∑ ∑ E[ fi j (0|xi j1 )xi j1 (xi′ j1 − π̃i′ j )] ,
i=1 j=1

and where fi j (u|x) is the density of ui jt = yi jt − πi j − x jit β conditional on xi j1 and
fi j (u) is the marginal density of ui jt . Let ΓN be nonsingular for each N, and the limit
Γ := limN→∞ ΓN exists and is nonsingular; and let the limit
N1 N2

V := lim N −1 ∑ ∑ E[(xi j1 − πi j )(xi j1 − πi j )′ ]
N→∞

i=1 j=1

exist and be nonsingular.
Let ûi jt = yi jt − π̂i j − x′jit β̂ . Kato et al. (2012) propose a kernel estimation procedure of the variance of the slope parameters, Vβ (τ) . Let K : R → R denote
a kernel function (probability density function). Let {hN } denote a sequence of
positive numbers (bandwidths) such that hN → 0 as N → ∞ and use the notation
KhN (u) = h−1
N K (u/hN ). Assume that the kernel K is continuous, bounded and of
bounded variation on R, and that hN → 0 and log N/(T hN ) → 0 as N → ∞.
Define
V̂1β :=
V̂0β :=
where
π̂i j :=

1
fˆi j T

1
NT
1
NT

N1 N2 T

∑ ∑ ∑ Khn (ûi jt )xi jt (xi jt − π̂i j )′ ,

i=1 j=1 t=1
N1 N2 T

∑ ∑ ∑ (xi jt − π̂i j )(xi jt − π̂i j )′ ,

i=1 j=1 t=1

T

∑ KhN (ûi jt )xi jt ,
t=1

1
fˆi j :=
T

T

∑ KhN (ûi jt ).
t=1

Then, one can consistently estimate the variance-covariance matrix as
−1
−1
V̂β (τ) = τ(1 − τ)V̂1β
V̂0β V̂1β
.

In practice, as noted above, the variance-covariance matrix can be implemented
from standard QR models with the inclusion of individual-specific dummy variables.
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8.2.3 Smoothed Quantile Regression Panel Data
A distinctive feature of FE-QR is that its objective function is not differentiable.
Nevertheless, the asymptotic analysis depends on the smoothness of objective functions. Kato et al. (2012) formally established the asymptotic properties of the standard FE-QR estimator. However, they required a restrictive condition, such that T
grows faster than N 2 , to show the asymptotic normality of the estimator, and did not
succeed in deriving the bias. The difficulty in handling the standard QR estimator
in panel models is partly explained by the fact that the higher order stochastic expansion of the scores is an essential technical tool in the analysis (Hahn and Newey,
2004; Hahn and Kuersteiner, 2004) but such expansion is difficult to implement in
the QR case because the Taylor series method is not directly applicable. It is also
important to note that the higher order asymptotic behavior of QR estimators is
non-standard and rather complicated (Arcones, 1998; Knight, 1998).
An alternative method proposed by Galvao and Kato (2016) is to slightly modify
the QR objective function to make it smooth. While this seems an ad-hoc change of
the objective function, its asymptotic gains are remarkable. The idea of smoothing
non-differentiable objective functions goes back to Amemiya (1982) and Horowitz
(1992, 1998). Under suitable regularity conditions, the smoothed FE-QR estimator
has an order O(T −1 ) bias and hence its limiting normal distribution has a bias in
the mean (even) when N and T grow at the same rate. They propose a one-step
bias correction estimator based on the analytic form of the asymptotic bias. This
is of particular interest in multi-dimensional settings, where the dimension of the
individuals is large.
In an attempt to cope with the incidental parameters problem, Galvao and Kato
(2016) adopt a different approach and propose a model where N and T grow at the
same rate. Instead of the standard QR estimator, the asymptotic properties of the
estimator are defined by a minimizer of a smoothed version of the QR objective
function.
Smoothing the QR objective function was employed in Horowitz (1998) to study
the bootstrap refinement for inference in conditional quantile models. The basic
insight of Horowitz (1998) is to smooth over the indicator function I(yi jt ≤ πi j +
xit′ β ) by using a kernel function. To do so, let K(·) be a kernel function and G(·) be
the survival function of K(·), i.e.,
Z ∞

−∞

K(u)du = 1, G(u) :=

Z ∞

K(v)dv.

u

K(·) is not required to be non-negative. Let {hN } be a sequence of positive numbers
(bandwidths) such that hN → 0 as N → ∞ and write GhN (·) = G(·/hN ). Note that
GhN (yi jt − πi j − γ j − xi′ jt β ) is a smoothed counterpart of I(yi jt ≤ πi j + xi′ jt β ). Then,
we consider the estimator
N1 N2 T

(π̂, β̂ ) := arg min ∑ ∑

∑ (yi jt − πi j − xi′ jt β ){τ − GhN (yi jt − πi j − xi′ jt β )},

(π,β ) i=1 j=1 t=1

(8.9)
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The estimates β̂ are the FE smoothed quantile regression (FE-SQR) estimator of β .
Galvao and Kato (2016) investigate the asymptotic properties of the FE-SQR estimator defined by (8.9) and provide conditions under which the FE-SQR estimator
is consistent and has a limiting normal distribution with a bias in the mean when N
and T grow at the same rate. In particular, assuming that N/T → ρ for some ρ > 0,
and under some regularity conditions,
√
√
d
NT (β̂ − β ) → N( ρb,Γ −1V Γ −1 ) ,

(8.10)

where


with

b := Γ −1  lim


1

N→∞  N

N1 N2



(3)

(1)

∑ ∑ si j ωi j

i=1 j=1

si j := 1/ fi j (0) ,
(1)

(2)

πi j − ωi j +

si j ωi j νi j
2



 ,


πi j := si j E[ fi j (0|xi j1 )xi j1 ] ,
(1)

νi j := fi j (0)πi j − E[ fi j (0|xi j1 )xi j1 ] ,
N2
1
ΓN := N −1 ∑Ni=1
E[ fi j (0|xi j1 )xi j1 (xi′ j1 − πi′ j )] ,
∑ j=1
and the limit Γ := limN→∞ ΓN , and
N1 N2

V := lim N −1 ∑ ∑ Vi j
N→∞

i=1 j=1

with Vi j denoting the covariance matrix of the term
T

T −1/2 ∑ {τ − I(ui jt ≤ 0)}(xi jt − πi j ) .
t=1

Moreover,



Z 0
|k|
fi j,k (0, u)du ,
τ fi j (0) −
:=
1−
∑
T
−∞
1≤|k|≤T −1


|k| 
(2)
ωi j :=
τE[ fi j (0|xi j1 )xi j1 ]
1−
∑
T
1≤|k|≤T −1


Z 0
−E xi j1
fi j,k (0, u|xi j1 , xi j,1+k )du ,
−∞


|k|
(3)
1−
ωi j := ∑
Cov{I(ui j1 ≤ 0), I(ui j,1+k ≤ 0)} .
T
|k|≤T −1
(1)
ωi j

The exact form of the term Vi j is given by

(8.11)
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Vi j =



|k|
E {τ − I(ui j1 ≤ 0)}{τ − I(ui j,1+k ≤ 0)}×
∑
T
|k|≤T −1

× (xi j1 − πi j )(xi j,1+k − πi j )′ .


1−

If there is no time series dependence, i.e., for each i, j, the process {(yi jt , xi jt ),t =
0, ±1, ±2, . . . } is i.i.d., then
(1)

Vi j = τ(1 − τ)E[(xi j1 − πi j )(xi j1 − πi j )′ ] ,

(3)
ωi j

ωi j = 0 ,

(2)

ωi j = 0 ,

and

= τ(1 − τ)

8.2.3.1 Bias Correction – Analytical Method
√
As stated in the literature, the problem of the limiting distribution of NT (β̂ − β )
not being centered at zero is that usual confidence intervals based on the asymptotic
approximation will be incorrect. In particular, even if b is small, the asymptotic bias
can be of moderate size when the ratio N/T is large. In this subsection, we shall
consider the bias correction to the FE-SQR estimator.
Consider a one-step bias correction based on the analytic form of the asymptotic
bias. Put ûi jt := yit − π̂i j − xi′ jt β̂ . The terms fi j := fi j (0), si j , πi j , νi j and Γ can be
estimated by
1
fˆi j :=
T
ν̂i j :=
Γ̂N :=

T

∑ KhN (ûi jt ) ,

ŝi j :=

t=1

1
T h2N
1
NT

1
,
fˆi j

π̂i j :=

ŝi j T
∑ KhN (ûi jt )xi jt ,
T t=1

T

∑ K (1) (ûi jt /hN )(xi jt − π̂i j ) ,

t=1
N1 N2 T

∑ ∑ ∑ KhN (ûi jt )xi jt (xi′ jt − π̂i′j ) ,

i=1 j=1 t=1

(1)

(2)

(3)

where K (1) (u) = dK(u)/du. The estimation of the terms ωi j , ωi j and ωi j is a
more delicate issue, since it reduces to the estimation of long run covariances. As in
Hahn and Kuersteiner (2004), we make use of a truncation strategy. Define
φi j (k) :=

Z 0

fi j,k (0, u)du,


Z 0
fi j,k (0, u|xi j1 , xi j,1+k )du ,
ϕi j (k) := E xi j1
−∞

−∞

ρi j (k) := E[I(ui j1 ≤ 0)I(ui j,1+k ≤ 0)].

Since φi j (k) ≈ E[KhN (ui j1 )I(ui j,1+k ≤ 0)], it can be estimated by
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1
T

φ̂i j (k) :=

min{T,T −k}

∑

t=max{1,−k+1}
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KhN (ûi jt )I(ûi j,t+k ≤ 0).

Similarly, ϕi j (k) can be estimated by
ϕ̂i j (k) :=

1
T

min{T,T −k}

∑

t=max{1,−k+1}

KhN (ûi jt )I(ûi j,t+k ≤ 0)xi jt .

The term ρi j (k) can be estimated by its sample analogue:
ρ̂i j (k) :=

1
T

min{T,T −k}

∑

t=max{1,−k+1}

I(ûi jt ≤ 0)I(ûi j,t+k ≤ 0).
(1)

(2)

(3)

Take a sequence mN such that mN → ∞ sufficiently slowly. Then, ωi j , ωi j and ωi j
can be estimated by


|k|
(1)
{τ fˆi j − φ̂i j (k)},
ω̂i j := ∑
1−
T
1≤|k|≤mN


|k|
(2)
ω̂i j := ∑
{τ fˆi j π̂i j − ϕ̂i j (k)},
1−
T
1≤|k|≤mN


|k|
(3)
1−
ω̂i j := τ(1 − τ) + ∑
{−τ 2 + ρ̂i j (k)}.
T
1≤|k|≤m
N

The bias term b is thus estimated by



(3)
 1 N1 N2

ω̂
ν̂
ŝ
i
j
i
j
ij
(1)
(2)


ω̂
π̂
ω̂
−
+
b̂ := Γ̂N−1
ŝ
.
i
j
i
j
∑∑
ij
Ni j
 N i=1

2
i=1

We define the one-step bias corrected estimator by β̂ 1 := β̂ − b̂/T . In practice, there
(1)
(2)
is no need to compute the terms τ fˆi j and τ fˆi j π̂i j in ω̂i j and ω̂i j , respectively, as
(1)

(2)

they are canceled out by the difference ω̂i j π̂i j − ω̂i j . Additionally, there is no need
to use the same kernel and the same bandwidth to estimate β and b.
Galvao and Kato (2016) show that the bias corrected estimator, β̂ 1 , has the limiting normal distribution with mean zero and the same covariance matrix as β̂ as
√

d

NT (β̂ 1 − β ) → N(0,Γ −1V Γ −1 ),

when mN → ∞ such that m2N (log N)/(T h2N ) → 0.
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8.2.3.2 Jackknife
Galvao and Kato (2016) also consider the half-panel jackknife method originally
proposed by Dhaene and Jochmans (2015), as an estimator. This method is an automatic way of removing the bias of β̂ . Suppose for a moment that T is even. Partition
{1, . . . , T } into two subsets, S1 := {1, . . . , T /2} and S2 := {T /2 + 1, . . . , T }. Let β̂Sl
be the FE-SQR estimate based on the data {(yi jt , xi jt ), 1 ≤ i ≤ N1 , 1 ≤ j ≤ N2 ,t ∈ Sl }
for l = 1, 2. The half-panel jackknife estimator is defined as β̂1/2 := 2β̂ − β̄1/2 , where
β̄1/2 := (β̂S1 + β̂S2 )/2. For simplicity, suppose for a moment that we use the same
bandwidth to construct β̂ and β̂Sl (l = 1, 2). Then, from the asymptotic representation of the FE-SQR estimator, it can be shown that under some regularity conditions
√
d
NT (β̂1/2 − β ) → N(0,Γ −1V Γ −1 ).
The half-panel does not require the non-parametric estimation of the bias term and
at the same time is easy to implement empirically.

8.3 Random Effects Models
Random effects (RE) models have recently been considered in the QR panel data
framework. As noted in Chap. 2, RE models have two main advantages. First, the
RE approach does not suffer from the incidental parameters problem, that is the
number of parameters to take into account does not increase with the sample size
(i.e., N). This is an important restriction to be lifted for QR models as noted previously, because for FE-QR models the existing sufficient conditions under which
the asymptotic bias of the FE-QR vanishes require T >> N. For the general multidimensional setting, this is an important restriction for models in which the number
of intercepts is of the order O(N1 + N2 ) or O(N1 · N2 ). Koenker (2004) argues that
the latter “would certainly be useful for groups of individuals: a distributional shift
for men versus women, or for blacks versus whites. However, in most applications
the [T ], the number of observations in the time series, would be relatively modest
and then it is quite unrealistic to attempt to estimate a τ-dependent, distributional,
individual effect” (p.76). In most applications, the time series dimension T is indeed
relatively small compared to the number of individuals.
Second, the RE model also makes possible the identification of parameters associated with individual (and time) invariant variables. In a multi-dimensional framework, this may be of interest for the applied researcher that wants to control for
(i, j,t) heterogeneity while exploring covariate heterogeneity across conditional
quantiles.
Galvao and Poirier (2015) develop a RE model for QR panel data with time invariant regressors. They establish identification, and develop practical estimation
and inference procedures. In this section, we extend the RE model to the multi-
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dimensional context and apply a simple pooled QR estimator to estimate the coefficients of interest and establish its statistical properties. We also suggest a cluster
robust variance-covariance matrix estimator for inference, and establish its uniform
consistency. The RE model is interesting because it allows the researcher to control
for time-invariant regressors, as well as use small a panel where the time dimension,
T , is small.

8.3.1 Model
Consider now a linear RE-QR model with scalar multi-dimensional specific effects
(for simplicity, we follow the notation of Chap. 1 rather than Chap. 2). Let zi j be a
set of covariates that does not vary across t.
Following Galvao and Poirier (2015), we begin the discussion with a random
coefficients representation of the form
yi jt = c(Ui jt ) + xi′ jt β (Ui jt ) + z′i j δ (Ui jt ),

(8.12)

where Ui jt represents the heterogeneity in responses and can depend on both εi jt and
πi j , as
(8.13)
Ui jt ≡ U(πi j , εi jt ),
with U(·, ·) being a scalar and unspecified non-parametric function. Note that equation (8.13) allows the unobserved heterogeneity to depend on both the independent
unobserved component, εi jt , and the individual-specific components, πi j , in an unrestricted form. The functions c(·), β (·) and δ (·) in (8.12) quantify the distributional
effects for the intercept, and the time-varying and time-invariant regressors, xi jt and
zi j respectively. Note that for the RE-QR models, since the time series dimension
T is fixed, one can easily include a time-specific effect λt as regressors with corresponding parameters to be estimated inside the vector xi jt in equation (8.12), hence
we only consider πi j in equation (8.13).
The RE assumption in standard linear mean panel data models restricts the unobserved component, πi j , to being uncorrelated with all regressors. We generalize this
assumption to the model in (8.12)–(8.13) by assuming the following independence
condition
(πi j , εi jt ) ⊥⊥ (xi jt , zi j ).
(8.14)
The stronger independence assumption in (8.14) is used due to the non-linearity
in πi j of equations (8.12)–(8.13). Thus the unobserved heterogeneity U(πi j , εi jt ) is
independent of (xi jt , zi j ), which gives rise to the following quantile representation
Qτ (yi jt |xi jt , zi j ) = c(τ) + xi′ jt β (τ) + z′i j δ (τ) ,

(8.15)

where the presence of τ on the right-hand side follows from our previous normalization of Ui jt and from Qτ (Ui jt |xi jt , zi j ) = Qτ (Ui jt ) = τ. Equation (8.15) establishes
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the linear RE-QR model, given equations (8.12)–(8.13), and condition (8.14). For
notation convenience define wi jt = [1, xi′ jt , z′i j ]′ and θ (.) = [c(.), β (.), δ (.)].
Before we present the estimation, it is important to discuss the differences between the FE-QR and the RE-QR. Galvao and Poirier (2015) show that the relationship between RE and FE is more delicate for quantile models than for standard
mean-regression models. In a linear panel model, traditional conditional mean FE
and RE estimation are based on the same linear model, which often takes the form
yi jt = xi′ jt β + πi j + εi jt .
Under FE, i.e., Cov(αi j , xi jt ) 6= 0, the “within” estimator can recover β . On the other
hand, if the RE assumption of Cov(αi j , xi jt ) = 0 is assumed, the pooled regression
estimator will also be consistent for β . However, in QR models, the FE and RE
models differ substantially.
To see this difference, consider the additive-in-πi j linear FE-QR model, which
can be represented as
yit = πi j + xi′ jt β (εi jt ).
(8.16)
There are two important points regarding model (8.16). First, note that under FE
or RE, the conditional model yields Qτ (yi jt |xi jt , πi j ) = πi j + xi′ jt β (τ), a linear expression. Under some regularity conditions, and no restriction on the relationship
between πi j and xi jt , Kato et al. (2012) show that β (τ) can be estimated consistently
by a QR with individual-specific dummy variables when T is large. Note that the
inclusion of individual-specific dummy variables precludes one from having timeinvariant regressors. Nevertheless, even if πi j ⊥⊥ xi jt holds in (8.16) a simple RE
estimator would be unable to consistently estimate β (τ) since the conditional quantile function would be misspecified if we do not condition on the individual specific
effects πi j . This implies that the pooled QR and the FE-QR estimators estimate different quantities.
Second, note that there are differences between Qτ (yi jt |xi jt , πi j ), the conditional
model, and Qτ (yi jt |xi jt ), the marginal model. Even if πi j ⊥⊥ xi jt holds in (8.16), the
conditional quantile of yi jt given xi jt might not be linear in xi jt since Qτ (yi jt |xi jt ) 6=
Qτ (πi j ) + xi′ jt β (τ), because the quantile of a sum is generally different from the sum
of the quantiles by the non-linearity of the quantile operator.1 Again, the pooled QR
and the FE-QR estimators estimate different quantities.
In equations (8.12)–(8.13), consider an alternative model which is non-additive
in the individual-specific effect, αi , as
yi jt = xi′ jt β (U(πi j , εi jt )).
Under assumption (8.14), the conditional quantile of yi jt given xi jt in the above
equation, i.e., the marginal model, is linear in xi jt and β (τ). Again, the conditional
1

The conditional quantile of the sum will be equal to the sum of conditional quantiles if conditional
co-monotonicity between πi j i and xit′ β (εi jt ) holds conditional on xi j . This is ruled out by the conditional independence of πi j and εi jt given xi j since co-monotonic variables cannot be independent
(see Galvao and Poirier (2015) for a proof of this result).
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model will yield a different effect of xi jt on yi jt , so a FE estimator with individualspecific dummy variables would not recover the same coefficients on xi jt due to
the non-additivity of πi j . Thus, the FE-QR and RE-QR estimators will converge to
different quantities, since they must rely on different modeling assumptions, which
stands in contrast to the linear mean-regression panel case, where both the FE and
RE estimators are consistent. This is due to the fact that under RE, the marginal and
conditional models for linear, mean-regression panels yield the same effect of xi jt
on yi jt ,2 while these effects differ for all models considered here.
Another feature of the non-additive RE-QR model is that a failure of the RE
assumption (8.14) will imply that the conditional quantile of yi jt is no longer linear
in wi jt , because the composite unobserved heterogeneity term Ui jt will generally be
correlated with wi jt . We can then write the conditional quantile of yi jt as follows
Qτ (yi jt |wi jt ) = w′i jt θ (Qτ (Ui jt |wi jt ))
≡ w′i jt θ̃ (τ; wi jt ),

where θ̃ (τ; wi jt ) is a non-parametric function of τ and wi jt . Graham et al. (2015)
discuss the non-parametric identification and estimation of this model, and more
specifically of the unconditional quantile effect θ (τ).3

8.3.2 Estimation and Implementation
Based on the identification condition (8.14) and the model given in (8.15), a simple
pooled QR estimator for θ (τ) = [c(τ), β (τ)′ , δ (τ)′ ]′ can be employed. The estimator
is defined as follows:
N1 N2 T

θ̂ (τ) ≡ arg min ∑ ∑

∑ ρτ (yi jt − w′i jt θ ),

θ i=1 j=1 t=1

(8.17)

where ρτ (u) ≡ {τ − 1(u ≤ 0)}u is, again, the check function (Koenker and Bassett,
1978). Therefore, the practical estimation procedure for the coefficients of interest
is very simple and can thus be implemented through standard QR estimation. First,
one stacks the data, and second, applies a simple QR. Nevertheless, given that the
individual effects induce clustering, the inference needs to be adjusted. We describe
inference procedures in the next section.

This can be seen from E[yi jt |xi jt , πi j ] = πi j + xi′ jt β and E[yi jt |xi jt ] = E[πi j ] + xi′ jt β .
3 These differences between the RE and FE models in the QR case make testing for the presence
of RE very important in the QR context. Galvao and Poirier (2015) provide such a test.

2
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8.3.3 Inference Procedures
Under some standard regularity conditions, Galvao and Poirier (2015) derive the
asymptotic normality of the RE-QR estimator as follows. For a given quantile τ of
interest, as N → ∞, θ̂ (·)
√
d
N(θ̂ (τ) − θ (τ)) → N(0,Γ (τ)−1V (τ)Γ (τ)−1 ) ,
h
i
T
wi jt w′i jt fyi jt (w′i jt θ (τ)|wi j ) , and
where Γ (τ) ≡ E T1 ∑t=1
V (τ, τ ′ ) =


1 T T 
E (1(vit (τ) ≤ 0) − τ)(1(vis (τ ′ ) ≤ 0) − τ ′ )Xit Xis′ .
∑
∑
2
T s=1 t=1

(8.18)

The existence of the RE in the model generates cluster-dependence, and thus the
standard errors require a cluster-robust variance-covariance matrix estimation.
For given quantiles of interest, the variance-covariance matrix of θ̂ (τ) is
Γ (τ)−1V (τ)Γ (τ)−1
h
i
T
with components Γ (τ) = E T1 ∑t=1
wi jt w′i jt fyi jt (w′i jt θ (τ)|wi j ) , and (8.18) can be
rewritten as
#
"
1 T T
′
V (τ) = E 2 ∑ ∑ (1(vi jt (τ) ≤ 0) − τ)(1(vi js (τ) ≤ 0) − τ)wi js xi jt
T s=1 t=1
=

τ(1 − τ) T
∑ E[wi jt w′i jt ]
T 2 t=1


1
+ 2 ∑ E Cov(1(vi js (τ) ≤ 0), 1(vi jt (τ) ≤ 0)|wi js , wi jt )wi js w′i jt ,
T s6=t

where vit (τ) ≡ yi jt − (c(τ) + xi′ jt β (τ) + z′i j γ(τ)) and f (.) is the conditional density
of yi jt given wi j = [wi j1 , wi j2 , ...., wi jT ]. Note that in the second component, the second term disappears if there is no intra-unit dependence of the QR residuals. Thus,
using simple standard errors for the pooled QR estimator without correcting for the
cluster-dependence will produce incorrect inference unless the second term is zero.
To conduct practical inference, consider
1
Γ̂ (τ) =
NT

N1 N2 T

∑∑∑
i=1 j=1 t=1

wi jt w′i jt

1
K
hN




v̂i jt (τ)
,
hN

where v̂i jt (τ) are the estimated residuals, and K(·) is a kernel function of bounded
variation, and hN is a bandwidth. This is a variant of the Powell (1986) kernel estimator for QR in cross-sectional models. The component V (τ) can be estimated
by
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τ(1 − τ) N1 N2 T
∑ ∑ ∑ wi jt w′i jt
NT 2 i=1
j=1 t=1
1 N1 N2
∑ ∑ ∑ wi js w′i jt (1(v̂i js (τ) ≤ 0) − τ)(1(v̂i jt (τ) ≤ 0) − τ).
NT 2 i=1
j=1 s6=t

8.4 Correlated Random Effects Models
Another alternative class of models for QR panel data is the correlated random effects. The correlated RE model of Chamberlain (1982, 1984) views the unobservable individual specific component πi j as a linear projection onto the observables
plus a disturbance. The intuition behind these models is that a rich set of covariates
is able to explain unobserved heterogeneity and what is left is idiosyncratic noise.
This idea has also been implemented in QR panel data models.
Abrevaya and Dahl (2008) introduced an alternative approach to the FE-QR,
which estimates QR models for panel data employing the correlated random effects
(CRE) model of Chamberlain (1982). The unobservable individual specific effect is
modeled as a linear projection onto the observables and a disturbance. Geraci and
Bottai (2007) consider a RE approach for a single quantile assuming that the outcome variable is distributed as an asymmetric Laplace distribution conditional on
covariates and individual effects. Arellano and Bonhomme (2016) introduce a class
of QR estimators for short panels, where the conditional quantile response function
of the unobserved heterogeneity is specified as a function of observables. They develop a model general model for nonlinear panel data that covers static and dynamic
autoregressive models, models with general predetermined regressors, and models
with multiple individual effects. However, the correlated RE requires a specification
of the individuals specific effects as a known function of the observables.
Extensions to the multi-dimensional case allow for different covariates to be used
for each specific components, and as such, to be able to produce a more accurate
model of unobserved effects. Let zi , w j and b j be covariate sets that only vary on a
given dimension, i, j, and t, possibly nested within xi jt , and let (ai , g j , rt ) be unobserved component such that
αi = λ1′ zi + ai ,
γ j = λ2′ w j + g j ,
λt = λ3′ bt + rt .
Following Abrevaya and Dahl (2008), the strategy is to replace them into equation (8.5) to obtain an explicit model of the quantiles as
Qτ (yi jt |xi jt ) = β (τ)′ xi jt + λ1 (τ)′ zi + λ2 (τ)′ w j + λ3′ bt .
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Arellano and Bonhomme (2016) develop an estimation strategy for general nonlinear panel models. They specify outcomes yi jt as a function of covariates xi jt and
latent heterogeneity πi j as
K1

yi jt =

∑ θk (Ui jt )gk (xi jt , πi j ),
k=1

and similarly specify the dependence of πi j on covariates
K2

πi j =

∑ δk (Vi j )hk (xi jt ),
k=1

where Ui j1 , ...,Ui jT ,Vi j are independent uniform random variables, and g() and h()
belong to some family of functions. Outcomes and heterogeneity are monotone in
Ui jt and Vi j , respectively, so the above models correspond to conditional quantile
functions. This is a correlated RE model that can become arbitrarily flexible as K2
increases. For the multi-dimensional case, this could be made as
K2

αi =

∑ δhα (Vαi )hαk (xi jt ),
k=1
K3

γj =

γ

γ

∑ δh (Vγ j )hk (xi jt ),
k=1

where heterogeneity is modeled in a different way for each dimension.

8.5 Specific Guidelines for Practitioners
QR has attracted considerable interest in econometrics and statistics. It offers an
easy-to-implement method to estimate conditional quantiles. Recently, there has
been a growing literature on estimation and testing using QR for panel data models.
Panel QR has provided a valuable method of statistical analysis of the heterogeneous
effects of policy variables.
Nevertheless, as discussed above, one particular difficulty in QR panel data models, both for fixed and random effects models, is that the asymptotic variance of
QR estimators depends on the density of the innovation term, and it is not easy
to compute in practice. We have presented several procedures for estimating the
variance-covariance matrix in their corresponding models, all of them with a kernel implementation whenever the density is involved. This in turn depends on the
specific multi-dimensional setting. Additional research is needed to evaluate the relative performance of each procedure. By selecting a specific model depending on
the dimension to be considered as fixed or random, we are in effect modeling different quantiles, that is, different models to analyze the heterogeneity of the effects of
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covariates on an outcome variable. This should be guided by the specific interest of
the empirical analysis, in terms of why we are studying quantile heterogeneity.
Inference procedures and confidence interval construction can be greatly simplified by using bootstrap methods. Specific designs for different QR problems may be
guided by the bootstrap results developed in the mean regression case. In particular,
different bootstrapping procedures for panel data models, as in Kapetanios (2008),
can be easily adapted to the multi-dimensional setting. Galvao and Montes-Rojas
(2015) argue that bootstrapping techniques greatly simplify the variance-covariance
estimation.4 They propose to construct confidence intervals for the parameters of
interest using percentile bootstrap with pairwise resampling. In practice, FE and RE
QR parameters’ point estimates can thus be implemented using standard QR codes
available in econometric softwares, that work for both balanced and unbalanced
panel data, and different bootstrapping techniques could be adapted for either FE or
RE.
As discussed above, panel data QR estimators’ consistency and other asymptotic
properties rely on the dimension of the heterogeneity being described, either as FE
or RE. In the multi-dimensional setting, this may exponentially grow depending on
the researcher’s choice. If for mean-based models this is a serious issue for efficiency reasons (i.e., degrees of freedom), the asymptotic results above should suggest caution in QR models with large dimensions. In particular, smoothed and/or
mixed models should be considered to reduce potential asymptotic bias. As a practical example, if the researcher can choose which dimension is potentially correlated
with covariates of interest and which one is not, then the former could be considered
as a fixed-parameter to be estimated, with the corresponding incidental parameter
problem, and the other could be modeled as a random effect. Galvao and Poirier
(2015) test for RE vs. FE models could help in this direction.
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