Original Article
First version received March 2010

Published online in Wiley Online Library: 29 October 2010

(wileyonlinelibrary.com) DOI: 10.1111/j.1467-9892.2010.00696.x

Threshold quantile autoregressive models
Antonio F. Galvao Jr.a, Gabriel Montes-Rojasb and Jose Olmoc,*,†
This article studies estimation and asymptotic properties of Threshold Quantile Autoregressive processes. In
particular, we show the consistency of the threshold and slope parameter estimators for each quantile and regime,
and derive the asymptotic normality of the slope parameter estimators. A Monte Carlo experiment shows that the
standard ordinary least squares estimation method is not able to detect important nonlinearities produced in the
quantile process. The empirical study concentrates on modelling the dynamics of the conditional distribution of
unemployment growth after the second world war. The results show evidence of important heterogeneity
associated with unemployment and strong asymmetric persistence of unemployment growth in the higher
quantiles.
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1. INTRODUCTION
During the last 20 years, linear time series models have proven to be rather limited and inadequate for describing the dynamics of
macroeconomic and financial time series. These data are plagued with nonlinear phenomena such as asymmetries in the occurrence
and persistence of negative and positive shocks, time-irreversibility, different tail behaviour of the distribution of the data, and
asymmetric effects in the mean process due to the heteroscedasticity in the data. These phenomena have sparked a growing interest
in applied and theoretical econometrics for developing time series processes modelling these nonlinearities in various ways.
Among the models that have enjoyed greater popularity are the threshold autoregressive models (TAR) of Tong (1978, 1983, 1990),
Tong and Lim (1980) and Tsay (1989). Extensions of these models to accommodate stylized facts in macroeconomics and finance are
abundant in the literature. Thus, for modelling financial time series, Nelson (1991), Glosten et al. (1993) and Zakoian (1994) propose
threshold models capable of describing the asymmetric dynamics produced by feedback and leverage effects observed in the
conditional volatility process. On a related setting, Clarida et al. (2006) and Sarno et al. (2006) make use of threshold processes to
model the asymmetric dynamics of exchange rates and of the term structure of interest rates respectively. An alternative to threshold
models for modelling nonlinearities in financial and economic data are Smooth Transition Models (STAR). These models are
characterized by an infinite number of regimes determined by a state variable that changes smoothly from one state to the other, see
for example Chan and Tong (1986), Terasvirta (1994) and the references therein.
All these models are aimed to describe the dynamics of the conditional mean process. Methods based on mean regression are,
however, inadequate to capture nonlinearities in the data produced by general forms of heterogeneity when different regimes
coincide in the mean process but not in the entire quantile process. The idea that time series may have a different behaviour across
quantiles has attracted considerable attention in the theoretical and empirical literatures (see for instance Koenker and Xiao (2006)
and the references therein. Koenker and Xiao (2006) propose quantile autoregression models in which the autoregressive coefficients
can be expressed as a monotone function of a single scalar random variable. A natural extension of this model would consider the
existence of different regimes depending on the quantile of the series to be modelled. Thus, following this direction, Cai and Stander
(2008) and Cai (2010) introduced Quantile Self-Exciting Threshold AutoRegressive (Q-SETAR) models within a Bayesian framework.
Both papers focus on self-exciting processes, although they do not derive the asymptotic properties of the model parameter
estimators. Related papers dealing with the asymptotic theory of relevant estimators for the quantile problem are Caner (2002),
which develops the limit law for the least absolute deviation (LAD) estimator of the threshold parameter in linear regression, and
more recently Kato (2009), which extends the scope of convexity arguments to the case where estimators are obtained as stochastic
processes and applies this technique to LAD inference for threshold regression.
The aim of this article is to extend the studies of Koenker and Xiao (2006), Cai and Stander (2008) and Cai (2010) on threshold
quantile autoregressive processes by studying estimation and asymptotic properties of the parameters of interest in the model. We
show in a Monte Carlo experiment that standard ordinary least squares (OLS) estimation methods are not capable of detecting
nonlinearities produced in the quantile process. The study of nonlinear dynamics of the conditional distribution of time series is a
relevant and rather unexplored area in applied macroeconometrics and time series. The empirical section illustrates the usefulness of
a
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this nonlinear methodology for modelling the dynamics of unemployment growth in the US after the second world war. This
empirical study extends the work of Koenker and Xiao (2006) by focusing on unemployment growth instead of unemployment rates
and by contemplating the possibility of nonlinearities in the quantile process. Our study shows that the conditional distribution of
future unemployment growth, and therefore the corresponding quantile process, respond asymmetrically and nonlinearly to current
growth rates of unemployment. A model with three regimes seems the best suited to describe the dynamics of the quantile process
associated with the time series. For example, the 90% conditional quantile of the series of unemployment growth shows an explosive
behaviour when current unemployment growth levels are beyond 4.64%, and most notably beyond 6.92%. The other quantiles are
also defined by three regimes; in this case determined by threshold values around 5% and 1% respectively. In all cases, the upper
regime is modelled by an AR(1) model with positive and statistically significant coefficient indicating persistence in unemployment
growth. Other findings common to all quantiles are the mean reverting character of the middle regime and the lack of memory
observed in the lower regime. The latter observation provides evidence of a random behaviour in unemployment growth when
unemployment decreases and the economy expands rapidly. These findings, especially those for the upper regime, suggest the
convenience of using economic policies to stimulate labour markets when unemployment is set to grow so as to avoid levels in
unemployment that can produce persistence in unemployment growth and trigger periods of economic and social distress.
The article is structured as follows. Section 2 discusses the family of threshold quantile autoregressive models and their statistical
properties, in particular, estimation procedures, consistency and asymptotic normality of the estimators. Section 3 presents a small
Monte Carlo experiment that shows the performance of quantile regression against OLS methods for estimating nonlinear quantile
processes and also pays attention to the monotonicity assumption usually imposed in quantile regression models. Section 4
discusses an application to study nonlinearities in the dynamics of the quantile process of unemployment growth, and Section 5
concludes. Proofs are gathered in a mathematical appendix.

2. STATISTICAL MODEL, ESTIMATION AND INFERENCE
2.1. Statistical model
For simplicity in the exposition the following sections are restricted to studying nonlinear processes with at most two regimes. Note,
however, that the methodology introduced here can be easily extended to more regimes. The empirical application in Section 4 will
show this by implementing a T-QAR model that makes allowance for three regimes. To illustrate this methodology we start with a
simple T-QAR model defined by a self-exciting threshold autoregressive (SETAR) structure of order one.
Let the sth conditional quantile function of yt be written as

Qyt ðs j =t Þ ¼

h01 ðsÞ þ h11 ðsÞyt1 ;
h02 ðsÞ þ h12 ðsÞyt1 ;

yt1  cðsÞ,
yt1 > cðsÞ,

ð1Þ

with `t denoting the r-field generated by fys, s  t  1g. The model allows for different values of the threshold parameter c(Æ) across
different quantiles and assumes monotonicity of the conditional quantiles. Koenker and Xiao (2006) present a discussion of the
monotonicity of conditional quantile models in linear time series. Koenker and Xiao (2006) remark that this crossing problem appears
more acute in the autoregressive case than in ordinary regression applications since the support of the design space, that is the set of
covariates xt that occur with positive probability, is determined within the model. In our simulation and application sections, we will
compute the conditional quantile functions and evaluate the model with respect to the monotonicity assumption. The results show
that monotonicity applies. However, although it exceeds the scope of this article, there are several methods to ensure monotonic fits
for conditional quantile functions. For simple linear quantile autoregressive models Koenker and Xiao (2006) argue that what really
matters is that one can find a linear reparameterization of the model that does exhibit comonotonicity over some relevant region of
the covariate space. To solve crossing problems, He (1997), for example, proposed to impose a location-scale regression model,
which naturally satisfies monotonicity. Koenker and Ng (2005) developed a computational method for quantile regression that
imposes the noncrossing constraints in simultaneous fitting of a finite number of quantile curves. Mammen (1991) proposed twostep estimators, with mean estimation in the first step followed by isotonization in the second. Dette and Volgushev (2008) proposed
to obtain monotonic quantile curves by applying an integral transform to a local polynomial estimate of the conditional distribution
function, and derived pointwise limit theory for this estimator. More recently, Chernozhukov et al. (2010) introduced a natural
monotonization of the empirical curves by sampling from the estimated nonmonotone model, and then taking the resulting
conditional quantile curves which by construction are monotone in the probability index. This construction of the monotone curves
may be seen as a bootstrap and as a sorting or monotone rearrangement of the original nonmonotone curve. Moreover, they show
that the rearranged curve is closer to the true quantile curve in finite samples than the original curve is, and derive functional limit
distribution theory for the rearranged curve to perform simultaneous inference on the entire quantile function.
Now we generalize the above class of models within the two-regime setting, and use a more compact notation. Consider a
nonlinear process fytg with two possible regimes defined by the real functions qt(s) and c(s). For a fixed s, the first function is the
threshold variable and the second the threshold value. To simplify the model, we assume that the threshold variable is the same
across the quantile process, and denote it qt. Thus, the T-QAR counterpart of SETAR specifications is given by qt ¼ q(xt) with
0
xt ¼ (1, yt1, yt2,…, ytpy) . The conditional quantile of yt is then modelled by Qyt(s | `t) ¼ h(s,c(s)), with h(Æ,Æ) a piecewise linear
process defined by
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hðs; cðsÞÞ ¼ xt ðcðsÞÞ0 hðsÞ;
0

ð2Þ
0

where h(Æ) ¼ (h01,h02,h11,h12,…,hpy1,hpy2) is a 2(1 + py) dimensional vector of parameters, and x(c(Æ)) ¼ x  (1fq  c(Æ)g,1fq > c(Æ)g) ,
with 1fÆg an indicator function and  the Kronecker product.
2.2. Estimation and asymptotic properties
For models with a known threshold parameter c0 ” c0(s), standard quantile regression (QR) estimation procedures can be applied.
These methods consist on finding
^
hc0 ðsÞ ¼ arg min
h

T
X

qs ðyt  xt ðc0 Þ0 hÞ;

ð3Þ

t¼1

where qs(u) ¼ u(s  I(u<0)) as in Koenker and Bassett (1978). A simple modification of Kato (2009) study for LAD models can be
used to prove that under some regularity conditions and for fixed c, there exists a unique solution to the minimization problem (3).
Koenker and Xiao (2006) show the asymptotic properties of the standard linear quantile autoregressive estimators. To generalize
Koenker and Xiao (2006) to the regime switching framework we need the following set of assumptions.
Assumptions:
P
1=2
A1: (yt,qt) is strictly stationary, ergodic and q-mixing, with q-mixing coefficients satisfying 1
m1 qm < 1;
A2: s 2 T ¼ ½c; 1  c with c 2 (0,1/2). c(s) lies in a compact set G  R for every s 2 T , and h(s) 2 int Q, with Q compact and
convex;
pﬃﬃﬃ
A3: E(||xt||2+) < 1 with e>0, ||Æ|| the usual Euclidean norm, and maxt kxt k ¼ Oð T Þ;
A4: Let Ft(Æ | `t) ¼ Ft(Æ) denote the conditional distribution function of yt given `t. Ft(Æ) has a continuous Lebesgue density, ft, with
0 < ft(u) < 1 on U ¼ fu : 0 < Ft ðuÞ < 1g and ft is uniformly integrable on U;
0
A5: For all s 2 T , (h0(s),c0(s)) ¼ arg min(h,c)E[qs(yt  xt(c) h)] exists and is unique.
A6:
T
T
X
X
^ft1 ðF 1 ðsÞÞxt ðcÞxt ðcÞ0
^ 1 ðs; cÞ ¼ 1
^ 0 ðc; c Þ ¼ 1
xt ðcÞxt0 ðc Þ and X
X
t1
T t¼1
T t¼1
1
converge almost surely to X0 ðc; c Þ ¼ E½xt ðcÞxt0 ðc Þ and X1 ðs; cÞ ¼ E½ft1 ðFt1
ðsÞÞxt ðcÞxt ðcÞ0  respectively, uniformly over cðsÞ 2 G
and all s 2 T .
These assumptions are common in the QR and regime switching literatures. A1 guarantees that the process is stationary and that
the series satisfies Hansen’s (2000) Ass 1.1. Depending on the specific type of model this assumption can be replaced by milder
conditions on the values that the parameters in h can take. For instance Koenker and Xiao (2006) allow for unit root in some quantiles
under the condition that by integrating over the quantiles the process is stationary. A2 imposes that c(Æ) lies on a compact set. This
assumption was used by Hansen (1996) and Kato (2009). A3 and A4 are common in the QR literature. A5 guarantees that for each
threshold parameter value and quantile the QR problem has a unique solution. A6 assumes the consistency of the estimators of the
variance parameters X0(c,c) and X1(s,c) uniformly over the parameter space G  T .
Standard asymptotic theory for quantile regression shows that if c0 is known, then we have the following result;

LEMMA 1.

Given assumptions A1–A6, and for c0 known with s 2 T fixed,
pﬃﬃﬃ
d
T ðh^c0 ðsÞ  hc0 ðsÞÞ ! Nð0; Rðs; c0 ÞÞ;

where R(s,c0) ¼ s(1  s)X1(s,c0)1X0(c0,c0)X1(s,c0)1.
PROOF. The proof of this result uses standard QR asymptotic theory. The proof is a simple extension of that in Koenker and Xiao
(2006) for the asymptotic normality in quantile autoregressive models.
h
The most interesting case is, however, when the threshold value is not known and must be estimated. In the standard OLS
framework, concerned with nonlinearities in the mean process, there are two possible scenarios determined by the continuity or
discontinuity of the threshold model. Each method
pﬃﬃﬃimplies a different methodology and properties of estimators. Thus, for the
continuous case the corresponding estimator ^c is a T consistent estimator of c, which converges in distribution, see Chan and Tsay
^
(1998), to a normal random variable with mean zero and variance that depends on the correlation of ^c with the vector of estimators h.
On the other hand, if the threshold model is discontinuous, see Chan (1993), the estimator ^c converges at a faster rate (T consistent),
and is therefore asymptotically independent of the vector of estimators of h. In this case, two-stage estimation procedures can be
used to consistently estimate the parameters of the model, see Hansen (1997), Hansen (2000) for details on the method. Caner (2002)
extends the results in Chan (1993) and Hansen (2000) to the LAD estimation of a threshold model.
Similarly, we can study the consistency and asymptotic behaviour of the parameter estimators of (h0(s), c0(s)) in the QR framework.
The continuous case is a straightforward extension of Chan and Tsay (1998) using QR methods. The discontinuous case, defined now
by the discontinuity of the quantile process on the threshold variable for certain s, is, however, non-standard and deserves further
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attention. The following paragraphs derive the consistency and asymptotic distribution of the parameter estimators of the Q-TAR
model in the discontinuous case. We need first to formalize this by imposing an assumption on discontinuity of the quantile process
at q(xt) ¼ c(Æ). This is shown in A7.
0

0

A7: For all s 2 T , let h1(s) ¼ (h01(s),h11(s),…,hpy1(s)) and h2(s) ¼ (h02(s),h12(s),…,hpy2(s)) be the autoregressive vectors for the two
0
regimes. Then (h1(s)  h2(s)) x 6¼ 0, with x a realization of xt and such that q(x ) ¼ c(s).1
The estimators of the autoregressive model and the threshold parameter are given by
ð^
hðsÞ; ^cðsÞÞ ¼ arg min
ðh;cÞ

T
X



qs yt  xt ðcÞ0 h :

ð4Þ

t¼1

As in the OLS context, this minimization problem can be carried out in two-stages. For fixed s, consider a grid of c values in the real
line, and for each value estimate model (3) and save ^
hc ðsÞ. Then, minimize
^cðsÞ ¼ arg min
c

T
X

hc ðsÞÞ:
qs ðyt  xt ðcÞ0 ^

ð5Þ

t¼1

Lemma 2 shows the consistency of these estimators.
LEMMA 2.

Given assumptions A1–A7; for fixed s 2 T ,
ð^
hðsÞ; ^cðsÞÞ ¼ ðh0 ðsÞ; c0 ðsÞÞ þ op ð1Þ:
h

PROOF. The proof is given in the Appendix.

Now we discuss the asymptotic normality of the parameter estimator ^
hðsÞ. To show this result for a fixed pair (s,c) with s 2 T and
c 2 G, we first derive the weak convergence of the related process ^
hc ðsÞ to a bivariate Gaussian process indexed by s and c. The
asymptotic normality of the estimator ^hðsÞ, defined by fixing s and c in the process ^
hc ðsÞ, follows from considering these parameters
as constants in the Gaussian process representation of the asymptotic distribution of the latter process. In contrast to Hansen (1996)
that uses the OLS score function for nonlinearities in the mean process, we use a different approach based on the Bahadur
representation of the QR model. Thus, in Lemma 3 we first state the Bahadur representation as an intermediate result. It is important
to note that weak convergence and Bahadur representation of a two parameter process have been studied already in the quantile
regression literature, and similar results can be found in Su and Xiao (2008) and Qu (2008). Lemma 3 shows that ^
hc ðsÞ has a Bahadur
representation uniformly in both s and c.
LEMMA 3.

Suppose assumptions A1–A7 hold. Then
pﬃﬃﬃ
hc ðsÞ  hc ðsÞÞ  X1
sup sup k T ð^
1 ðs; cÞST ðs; cÞk ¼ op ð1Þ;

ð6Þ

s2T c2G

where ST ðs; cÞ ¼ p1ﬃﬃT
regression models.

PT

t¼1 xt ðcÞws ðyt

1
 Ft1
ðsÞÞ is the score function and ws(u) ¼ s  I(u < 0) is the influence function of quantile

h

PROOF. The proof is given in the Appendix.

Theorem 1 shows the asymptotic distribution of the bivariate process ^
hc ðsÞ. This result also lies the foundations for developing
nonlinearity tests for the quantile process, see Galvao et al. (2010).
THEOREM 1.

Given assumptions A1–A7,
pﬃﬃﬃ
T ð^
hc ðsÞ  hc ðsÞÞ ) Bðs; cÞ;

ð7Þ

with B(s,c) a bivariate Gaussian process with mean zero and covariance kernel defined by
Kððsi ; ci Þ; ðsj ; cj ÞÞ ¼ EðBðsi ; ci ÞBðsj ; cj ÞÞ ¼ ðsi ^ sj  si sj ÞX1 ðsi ; ci Þ1 X0 ðci ; cj ÞX1 ðsj ; cj Þ1 ;
with si ; sj 2 T and ci ; cj 2 G.
h

PROOF. The proof is given in the Appendix.
By fixing the values of s and c, it is immediate to derive the asymptotic distribution of the estimator ^
hðsÞ.
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LEMMA 4.

Given assumptions A1–A7, for a fixed pair ðs; cÞ 2 T  G,
pﬃﬃﬃ
d
T ð^
hðsÞ  hðsÞÞ ! Nð0; Rðs; cÞÞ:

ð8Þ

PROOF. The proof follows from Theorem 1 and noting that K((s,c),(s,c)) ¼ R(s,c).

h

It remains to study the asymptotic distribution of the threshold parameter estimator ^cðsÞ. This is an unresolved problem that
depends on finding the rate of convergence of the estimator. Heuristically, and following arguments from standard threshold models
for the mean process, see Chan (1993), it seems clear that the rate of convergence is T. The proof for the quantile process relies on
empirical processes techniques for dependent data as in Arcones and Yu (1994), Doukhan et al. (1995), and Dehling et al. (2002).
Bootstrap methods cannot be used either for approximating the finite-sample distribution of the standardized estimator of c(s) if the
rate of convergence is not known. A feasible and unexplored solution is the use of subsampling methods, see Politis et al. (1999). The
study of this methodology is, however, beyond the scope of this article. The consistency of the threshold estimator derived in Lemma
2 along with the rest of above results are sufficient for the subsequent Monte Carlo and empirical analysis.

3. MONTE CARLO EXPERIMENTS
We present Monte Carlo experiments to analyse some finite sample properties of the T-QAR method, in particular identification of
the regimes and validity of the monotonicity assumption across quantiles. First, we study the identification of the proposed model
compared with a simple linear SETAR model with two regimes sharing the same first two conditional statistical moments. Secondly,
we evaluate the model by the monotonicity requirement on the conditional quantile functions.
3.1. Estimation
This experiment shows that QR estimation methods allowing for threshold nonlinearity perform better than standard OLS methods
when the source of heterogeneity in the time series is not given by nonlinearities in the conditional mean process. To illustrate this,
consider a baseline linear location-scale two-regime switching self-exciting threshold autoregressive (SETAR) process, as a particular
T-QAR model:

yt1  c0 ,
0:5 þ 0:5yt1  yt1 ut ;
yt ¼
ð9Þ
0:5 þ 0:5yt1 þ yt1 ut ;
yt1 > c0 ,
where ut iid N(0,1) and c0 ¼ 0.
Note that although this model is nonlinear, its first conditional moments are identical across regimes, that is,
E½yt j yt1  0 ¼ E½yt j yt1 > 0 ¼ 0:5 þ 0:5yt1

ð10Þ

2
var½yt j yt1  0 ¼ var½yt j yt1 > 0 ¼ yt1
:

ð11Þ

and

The heteroscedastic residual sequence at ¼ (1  2I(yt1 > 0))yt1ut from (9) is different across regimes but a2t is identical for all t.
However, the conditional s-quantile process is
Qyt ðs j yt1  0Þ ¼ 0:5 þ ð0:5  Fu1 ðsÞÞyt1 ;

ð12Þ

Qyt ðs j yt1 > 0Þ ¼ 0:5 þ ð0:5 þ Fu1 ðsÞÞyt1 :

ð13Þ

and

Unless Fu1 ðsÞ ¼ 0, with Fu the distribution function of u, both regimes have different conditional quantiles and are clearly identified.
If the distribution of u is symmetric Fu1 ð1=2Þ ¼ 0, the conditional quantile processes coincide at the median, but they will differ in
the upper and lower extreme quantiles.
We evaluate this model by conducting a Monte Carlo experiment with T ¼ 500, where T is the sample size, and R ¼ 500 where R is
the number of repeated experiments. Figure 1 plots the root mean square error (RMSE) of estimating c0. Let ^
hc0 ðsÞ denote the QR
estimate for fixed s and c0, and hðc0 Þ be the OLS estimate for fixed c0. To estimate c, we consider a compact grid with the empirical
percentiles of yt from the 10th quantile to the 90th quantile. Moreover, we consider s 2 [0.10, 0.15, …, 0.85, 0.90]. The following
estimators of c0 are considered:
Solid line : ^cðsÞ ¼ arg min
c

T
X

Dashed line : cðsÞ ¼ arg min
c

T
X
ðyt  xt ðcÞ0 ^
hc ðsÞÞ2
t¼1
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Figure 1. RMSE in estimating c

Dotted line : c ¼ arg min
c

T
X
ðyt  xt ðcÞ0 
hðcÞÞ2
t¼1

Here the regressor variable xt(c) is defined as in Section 2. ^cðsÞ is our preferred estimator, while c is the least squares SETAR
estimator for the threshold parameter and cðsÞ is an hybrid estimator that runs QR for each pair (s,c) but minimizes the sum of square
errors. The latter is used to show that it is the joint minimization of the QR problem what identifies2 c0. As it can be seen from
Figure 1, only ^cðsÞ (solid line) shows small RMSE, which decreases as |s  0.5| increases. This increase is because model (9) becomes
linear for the median, hence the difficulty of the estimation method for identifying c0. The plot also reveals that the least squares
estimator, c (dotted line) cannot identify the presence of two regimes. The reason for this is that OLS methods for estimation of the
threshold parameter are based on minimization of the residual variance, which is the same for the simple linear model and the
threshold nonlinear model. From (11), one can see that the second conditional moment is identical for the two regimes, such that
the OLS estimator is not able to differentiate between the two regimes, and as a result the RMSE remains constant across quantiles.
The hybrid method, cðsÞ (dashed line), shows similar results. In particular, the method works slightly better than OLS to identify the
regimes about the median and underperforms it for the other quantiles.
3.2. Quantile monotonicity
It is important to evaluate the model by the monotonicity requirement on the conditional quantile functions. To study the behaviour
of the conditional quantiles, we evaluate the constructed predicted quantile functions from our proposed T-QAR with two regimes.
^ yt ðs2 j =t Þ  Q
^ yt ðs1 j =t Þ for consecutive
We consider the quantile grid f0.05,0.1,0.15,0.20,…,0.9,0.95g, and evaluate Ds1 ;s2 ð=t Þ ¼ Q
quantiles s2>s1. If monotonicity is satisfied Ds1,s2 should be non-negative. Then, we compute the proportion of violations of the
monotonicity assumption at the sample values of fytg, and take the average over 1000 Monte Carlo replications (Table 1).
We consider two different DGPs. First, a linear model of the form yt ¼ 0.5 + 0.5yt1 + ut (DGP1); second a two regime model of the
form yt ¼ 0.5I(yt1  0)  0.5I(yt1 > 0) + 0.5yt1I(yt1  0)  0.5yt1I(yt1 > 0) + ut (DGP2), where ut i.i.d. N(0,1). The
simulation experiments show that the number of crossings is small. For the linear model, DGP1, the proportion of violations is
consistently below 5%, and there is a uniform behaviour across quantiles. In DGP2 the proportion of crossings has an average 10%,
with slightly higher values for low than for high quantiles.

Table 1. Monotonicity
D0.1,0.05
DGP1
DGP2

0.044
0.120
D0.55,0.35

DGP1
DGP2

0.049
0.096

D0.15,0.1

D0.20,0.1

D0.25,0.1

D0.30,0.1

D0.35,0.1

D0.4,0.35

D0.45,0.35

0.047
0.118

0.049
0.122

0.051
0.122

0.051
0.122

0.052
0.125

0.054
0.116

0.047
0.111

D0.6,0.35

D0.65,0.35

D0.7,0.35

D0.75,0.35

D0.8,0.35

D0.85,0.35

D0.9,0.35

0.049
0.087

0.050
0.086

0.048
0.083

0.048
0.076

0.037
0.076

0.040
0.078

0.043
0.077

D0.5,0.35
0.049
0.104
D0.95,0.35
0.041
0.075

Note: Monte Carlo experiments based on 1000 replications.
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4. EMPIRICAL APPLICATION
Most macroeconomic series are affected by booms and busts in economic activity producing in turn expansionary periods followed
by periods of economic contraction. It is well known in empirical macroeconometrics that these phenomena are reflected in an
asymmetric behaviour in the dynamics of the corresponding time series. Empirical studies analysing these effects are, for example
Beaudry and Koop (1993) that study the dynamics in US GDP of negative and positive shocks and uncover stronger effects in an
economic activity from negative shocks than from positive shocks. Sarno et al. (2006) using regime switching processes observe
asymmetries in the relation between interest rates and exchange rates between two countries that depend on the magnitude of the
fluctuation of the exchange rate series. These authors observe that for small fluctuations these macroeconomic variables can depart
from equilibrium conditions, however, as the fluctuations become more important exchange rates adjust so as to eliminate profit
opportunities and restore equilibrium conditions in assets and exchange rate markets. A related study exploring asymmetries in the
dynamics of exchange rates using TAR models is Coakley and Fuertes (2006). For series of unemployment Coakley et al. (2002) and
Koenker and Xiao (2006) carry out thorough studies to measure the persistence in the dynamics on unemployment rates for different
countries. Whereas the first authors focus on Europe, mainly UK and Germany, the second authors study unemployment rates in
the US.
Our analysis extends the latter two studies by contemplating the possibility of nonlinearities in the quantile process and by
analysing unemployment growth instead of unemployment rates. We postulate that the heterogeneity found in the unemployment
growth series, that is growth in the number of people unemployed, can be due to asymmetric dynamics in the quantile process that,
for some quantiles of the process, can potentially depend on different manners on previous values of the variable and lead us,
therefore, to propose different TAR processes for different quantiles. The choice of this series, in contrast to the US unemployment
rate series, is due to its clear stationary character. Many empirical studies in the unit root literature have investigated unemployment
rate data. Nelson and Plosser (1982) in their seminal article studied the unit root property for annual unemployment rates and found
evidence of stationarity. For the data period analysed in our study, however, evidence on stationarity of the unemployment rate
series is mixed in contrast to unemployment growth series. More importantly, unemployment growth is an important variable from
the policymaker perspective, as it clearly anticipates periods of social calm or distress. Figure 2 reports the monthly unemployment
growth series from February 1948 to June 2007.
Autoregressive processes of order one are usually sufficient to describe the dynamics of macroeconomic stationary series as
unemployment growth and unemployment rates. Furthermore, in nonlinear settings where the number of parameters increases with
the number of regimes it is very convenient to choose parsimonious models that require a low number of parameters. For these
reasons the first model under study in this application is the following T-QAR model with two regimes and piece-wise AR(1)
processes:

h01 ðsÞ þ h11 ðsÞyt1 ;
yt1  cðsÞ;
Qyt ðs j =t Þ ¼
ð14Þ
yt1 > cðsÞ.
h02 ðsÞ þ h12 ðsÞyt1 ;
Table 2 reports the OLS estimates for this model and the results of standard tests for the linearity of the process. Hansen (1996)
supremum and average Wald-test statistics cannot reject the linearity of the mean process at the 15% significance level suggesting a
linear process for the conditional mean. In particular, the linear AR(1) version of process (14) yields an estimate of the autoregressive
parameter of 0.116 with 0.037 standard deviation. The estimates from the QR method reported in Table 3 show, on the other hand,
certain nonlinearities in the quantile process. The hypothesis tests for the linearity of the quantile process are developed in Galvao
et al. (2008). As in the regime switching and structural break literatures two different types of tests are studied, supremum and
average Wald tests. For nonstandard cases given by an unknown threshold parameter these tests are implemented using simulation
and resampling techniques. We report p-values obtained from the p-value transformation method introduced in Hansen (1996) but
adapted to quantile processes, see Galvao et al. (2008) for more details on the methods.
When the quantile increases toward unity we find statistical evidence of two regimes in the autoregressive specification above. A
closer look to the upper quantiles shows a strong positive autocorrelation when unemployment growth is beyond the 1.969
threshold. The results for the median and lower quantiles are more puzzling. Thus, for the 0.05 and 0.10 quantiles it is the lower
regime and not the upper regime the one to exhibit a positive autocorrelation with past values of unemployment growth. The
threshold estimate in this case is very negative.
The large variability found in the estimates of the threshold value across quantiles can be due to the existence of more than two
regimes in the data. To assess the adequacy of the model, we analyse graphically the number of crossings of the different quantile
processes. Bassett and Koenker (1982) suggest that the presence of a significant amount of crossings between quantile curves can be
a clear indication of a bad specification of the model. Figure 3 reports the quantile curves corresponding to Table 3 and Figure 4 plots
the estimated conditional quantile at each time point. The figures suggest a correct specification of the model since there are no
crossings among quantiles. Nevertheless, to analyse the fit of more involved models we also investigate the process with three
regimes:
8
yt1  c1 ðsÞ,
< h01 ðsÞ þ h11 ðsÞyt1 ;
Qyt ðs j =t Þ ¼ h02 ðsÞ þ h12 ðsÞyt1 ;
c1 ðsÞ < yt1  c2 ðsÞ,
ð15Þ
:
yt1 > c2 ðsÞ,
h03 ðsÞ þ h13 ðsÞyt1 ;
with c1(s)  c2(s) for each s. The estimates from the OLS and QR methods are reported in Tables 4 and 5 respectively. Figure 5
illustrates these results.
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Figure 2. Unemployment growth series (in %). Monthly unemployment growth for US spanning the period February 1948 to June
2007. Source: freelunch.com
The p-value obtained from the supremum and average Wald tests is zero in both cases and for the entire quantile process (these pvalues are not shown in the table). The counterpart tests using Hansen (1996) p-value methods also reject the null hypothesis of
linearity of the mean process. These results show strong evidence of nonlinearity given by three regimes not only in the mean
process but also on the entire quantile function. The analysis in Figures 6 and 7 reveals no crossings for s ¼ f0.10, 0.25, 0.50, 0.75g
quantile curves. For the highest considered quantile, s ¼ 0.90, the curve corresponding to the second regime crosses the rest of
quantile curves and seems at odds with the rest of lines. This result can be indicative of a bad fit of the model for extreme upper
quantiles. An explanation for this estimation problem is the absence of relevant information to estimate the model parameters
corresponding to this quantile. The unreported curve for the 0.95 case is very similar to 0.90. On the other hand, for the lowest
quantiles, s ¼ 0.05 inclusive, the three regime process seems well suited to describe the nonlinearities in the data.
More specific comments on the results follow. The lower regime is common across quantiles and is defined by very extreme
negative threshold values ranging between 5.395 and 2.906. The intercept and slope of (15) corresponding to this regime are not
statistically significant indicating no memory on unemployment growth for this regime. The middle regime determined by an upper
threshold value ranging between 0.859 and 0.473 shows, on the other hand, a negative autocorrelation in unemployment growth
that increases in magnitude with the quantile. The autoregressive parameter corresponding to the middle regression equation is
negative across quantiles. This fact along with the negative sign of the observations in this regime imply that periods of negative
growth in unemployment are followed by periods of positive growth. This is consistent across quantiles. Finally, the estimates from
the upper regime uncover a strongly statistically significant positive autocorrelation between unemployment growth levels that

Table 2. OLS estimates
Linear model
Regime 1
h01
0:229

Regime 2
h11
0:116

ð0:147Þ

h02
0:229

ð0:037Þ

h12
0:116

ð0:147Þ

ð0:037Þ

Threshold model
Regime 1
h01
0:723
ð0:423Þ

Regime 2
h11
0:119
ð0:110Þ

h02
0:278
ð0:235Þ

Threshold
h12
0:242
ð0:113Þ

c
1.348

Wald-test (sup)

Wald-test (ave)

p-value
0.267

p-value
0.148

Note: Standard deviations in parenthesis.
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Table 3. QR estimates
Regime 1
s

Regime 2
h11(s)

h02(s)

h12(s)

0.607
(0.113)
0.595
(0.237)
0.0097
(0.064)
0.034
(0.158)
0.019
(0.073)
0.087
(0.088)
0.058
(0.092)

2.149
(0.554)
3.942
(0.259)
4.147
(1.697)
0.210
(0.179)
0.587
(1.161)
1.053
(1.327)
1.373
(0.579)

0.050
(0.156)
0.025
(0.105)
0.380
(0.238)
0.196
(0.067)
0.770
(0.268)
0.876
(0.279)
0.947
(0.422)

h01(s)

0.564
(0.891)
0.10
0.624
(0.775)
0.25
1.327
(0.166)
0.50
0.944
(0.963)
0.75
1.928
(0.235)
0.90
4.529
(0.373)
0.95
3.222
(0.741)
Kolmogorov–Smirnov

0.05

Threshold
c(s)

Wald-test (sup)
p-value

Wald-test (ave)
p-value

2.043

0.089

0.320

1.983

0.019

0.189

3.915

0.622

0.344

2.897

0.041

0.006

1.969

0.028

0.002

1.969

0.027

0.003

1.969

0.005

0.000

0.040

0.008

Note: Standard deviations in parenthesis.
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Figure 3. Conditional quantile curves for two regimes
shows evidence of strong persistence for most of the quantiles. It is worth noting that for the extreme 0.90 and 0.95 quantiles the
regimes are given by thresholds 4.64% and 6.93% respectively. The standard error of the estimates is greater than for middle
quantiles due to the absence of information to estimate the parameters in these quantiles. There is also evidence of persistence that
occurs for extreme levels of unemployment growth.
The results of this analysis show nonlinearities in the dynamics of unemployment growth characterized by three regimes defined
by two threshold values given by values ranging between [5.395, 0.473] and [2.906, 0.859], for the lower and upper threshold
respectively. The characteristics of unemployment growth in each regime are completely different; whereas data in the lower regime
shows no linear persistence, for the middle and upper regimes it shows signs of predictability. More specifically, the results suggest
that once unemployment growth becomes close to zero or positive it starts to be positively correlated with previous levels of
unemployment growth. The middle regime indicates a mean-reverting character of unemployment whereas the upper regime a
persistent behaviour of the variable. From a statistical point of view, these results suggest that only the occurrence of large shocks of
negative sign can make possible for the country to escape from ramping levels of unemployment once the upper threshold is
reached. These shocks can take the form of some type of policy intervention or any other unexpected shock affecting positively the
economy.
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Figure 4. Conditional quantile time series for two regimes

Table 4. OLS estimates
Regime 1

Regime 2

Regime 3

Threshold

h01

h11

h02

h12

h03

h13

c1

c2

0.514
(1.719)

0.019
(0.218)

4.334
(0.164)

0.574
(0.101)

1.811
(0.216)

0.302
(0.077)

5.395

0.859

Wald-test (sup)
p-value

Wald-test (ave)
p-value

0.00

0.00

Note: Standard deviations in parenthesis.

Table 5. QR estimates
Regime 1
s
0.05
0.10
0.25
0.50
0.75
0.90
0.95

Regime 2

Regime 3

Threshold

h01(s)

h11(s)

h02(s)

h12(s)

h03(s)

h13(s)

c1(s)

c2(s)

6.145
(6.302)
0.812
(4.999)
1.402
(8.699)
1.224
(1.582)
2.442
(0.733)
4.139
(0.279)
6.191
(0.494)

0.159
(0.622)
0.580
(0.571)
0.194
(1.256)
0.155
(0.157)
0.088
(0.111)
0.035
(0.100)
0.023
(0.172)

7.176
(0.441)
5.681
(0.423)
3.831
(0.207)
3.276
(0.168)
3.279
(0.170)
28.706
(7.355)
31.384
(6.792)

0.485
(0.072)
0.347
(0.198)
0.239
(0.096)
0.347
(0.064)
0.727
(0.078)
4.236
(1.079)
4.387
(1.033)

0.165
(0.186)
0.103
(0.222)
0.598
(0.206)
1.030
(0.179)
2.111
(0.215)
15.516
(18.493)
9.913
(17.440)

0.007
(0.054)
0.003
(0.065)
0.092
(0.063)
0.297
(0.063)
0.582
(0.086)
3.534
(1.910)
3.112
(1.723)

5.395

0.473

5.395

0.473

5.395

0.473

5.395

0.859

2.906

0.859

4.643

6.926

4.643

6.926

Note: Standard deviations in parenthesis.

5. CONCLUSIONS
This article provides useful insights on estimation procedures to identify threshold parameters in TAR models. Moreover, it shows
that the threshold quantile autoregressive (T-QAR) framework has similar asymptotic properties to those found in Chan (1993) study
for OLS based models. Simulation results show that the gains in RMSE are considerable when QR methods are used. These results are
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Figure 5. Parameter estimates: OLS and QR for three regimes
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Figure 6. Conditional quantile curves for three regimes
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Figure 7. Conditional quantile time series for three regimes

exploited in an empirical application extending a related study on unemployment by Koenker and Xiao (2006) and Coakley et al.
(2002). In our study, we find statistical evidence of the existence of three regimes in the conditional quantile process of
unemployment growth. More specifically, our results suggest that strong contractions in the level of unemployment do not have an
effect on future levels of unemployment. On the other hand, once unemployment growth becomes close to zero or positive it starts
to be positively correlated with previous levels of unemployment growth producing strong persistence on unemployment growth.
This is more relevant for extreme quantiles. From a policy perspective these results indicate that so as to revert dynamics given by an
increasing unemployment growth there must be external shocks to the economy of opposite sign that bring unemployment levels
below certain thresholds.
These models have several other potential applications left for future research but that highlight the usefulness of this
methodology. For instance, the application of T-QAR models for modelling the dynamics of exchange rates. These time series are
usually modelled by nonlinear processes that assume the presence of some fluctuation bands. Once these bands are exceeded nonarbitrage conditions preventing profit opportunities with zero cost make these time series to be mean-reverting. It can be interesting
to analyse the quantile processes corresponding to these models, and see whether these bands are different across quantiles, and
potential economic implications.

APPENDIX
P
The proofs of the results in this atricle use the notation for empirical processes as in Dehling et al. (2002). Define ET ¼ T 1 Ti¼1 dXi ,
where dx assigns mass 1 at x and zero elsewhere, such that P
for any class ` of measurable
function f : v ! R. We use the following
R
empirical process notation for W¼(y,x): f 7! ET ½f ðWÞ ¼ T1 Tt¼1 f ðWt Þ, where Ef ¼ vf(x)P(dx). The first result of the article is to
estimate the parameters of interest, l ¼ (h,c), through quantile regression. This is the same as maximizing MT ðlÞ ¼ ET ml , where
0
0
ml(x) ” (qs(yt  xt(c) h(s))  qs(yt  xt(c0) h0(s))). First, we prove Lemma 2.
PROOF. We need to establish the conditions for the argmax theorem, which will yield the consistency. First, observe that, for each
0
s 2 T , ð^hðsÞ; ^cðsÞÞ minimizes QT ðh; cÞ
ET ðqs ðyt  xt ðcÞ0 hðsÞÞ  qs ðyt  xt ðc0 Þ0 h0 ðsÞÞ. Define Q(h,c) ” E(qs(yt  xt(c) h(s)) 
0
qs(yt  xt(c0) h0(s)). By assumptions A4 and A5 Q(h,c) is uniquely minimized at (h0(s),c0(s)) for each s 2 T .
Now, for simplicity, define a and b as the subsets of parameters in h that correspond to the regimes qt1  c and qt1 > c
respectively, where the dependence on s is omitted to simplify notation. We will use the notation xt ¼ (1, yt1, yt2 ,…, ytpy),
h ¼ (a,b) and l ¼ (h,c). For the particular SETAR(1) case, qt1 ¼ yt1.
Fix a compact set B  H  G. We now verify that `B ” fml : l 2 Bg is Glivenko-Cantelli, where using assumption A7, we note
that
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ml ¼ ½qs ðnðsÞ  xt0 a þ xt0 a0 Þ  qs ðnðsÞÞ1ðqt1 < c ^ c0 Þ  ½qs ðnðsÞ  xt0 b þ xt0 a0 Þ  qs ðnðsÞÞ1ðc < qt1  c0 Þ
 ½qs ðnðsÞ  xt0 a þ xt0 b0 Þ  qs ðnðsÞÞ1ðc0 < qt1  cÞ  ½qs ðnðsÞ  xt0 b þ xt0 b0 Þ  qs ðnðsÞÞ1ðqt1 > c _ c0 Þ;
0

where n(s) ¼ yt  xt(c) h0(s).
In addition, for the first term, fqs ðnðsÞ  xt0 a  xt0 a0 Þ  qs ðnðsÞÞ : l 2 Bg and 1fqt1 < c ^ c0 : l 2 Bg are separately GlivenkoCantelli classes. For the first part, let gðs; lÞ
qs ðnðsÞ  xt0 a þ Rxt0 a0 Þ  qs ðnðsÞÞ. Define gT ðs; lÞ
Egðs; lÞ and g1(s,l) ” Eg(s,l).
0
v
By Knight’s identity qs ðu  vÞ  qs ðuÞ ¼ ðs  Iðu < 0ÞÞv þ 0 ½Ifu  sg  Ifu  0gds, we have, by setting u ¼ y  x a0 and
0
v ¼ x (a  a0), that
qs ðyt  xt0 aÞ  qs ðyt  xt0 a0 Þ ¼ ðs  Iðy < x 0 aÞÞx 0 ða  a0 Þ
Z x0 ðaa0 Þ
½Ify  x 0 a0 þ sg  Ify  x 0 a0 gds:
þ
0
0

Thus, it follows that for any s 2 (0,1) and a 2 Rp , by A2 and A3 |g1(s,l)|  2ÆE|x (a  a0)|  2Æ||x||Æ||a  a0|| < 1. We can also
show that for any compact set B, |gT(s,l)| ¼ |g1(s,l)| + op(1) uniformly in ðs; lÞ 2 T  B. To do so, note that the statement is true
0
0
00
00
0
00
0
00
pointwise by law of large numbers. The uniform convergence follows because |gT(s ,a )  gT(s ,a )|  C1|s  s | + C2||a  a ||, for
some bounded constants C1 and C2. Hence the empirical process (s,l) ´ gT(s,l) is stochastically equicontinuous, which implies the
uniform convergence.
The second part, 1fqt1 < c ^ c0 : l 2 Bg, being Glivenko-Cantelli follows directly from assumption A1–A4 and monotonicity
of the indicator function such that it is a VC subgraph class as in Arcones and Yu (1994), and Dehling et al. (2002). Thus, from a
simple estimation of covering numbers there are positive constants such that the entropy with bracketing number is finite.
Since by A2–A4 the product of the components is integrable, the product of the two classes is also Glivenko-Cantelli3. Similar
arguments reveal that the remaining terms of the sum are also Glivenko-Cantelli and the same theorem yields that `B is
Glivenko-Cantelli.
Finally, existency of a solution ð^h; ^cÞ can be shown by using similar arguments as in Kosorok (2008, Ch.14), hence, by an argmax
p
theorem, as Lemma B1 in Chernozhukov and Hansen (2006), ð^
hðsÞ; ^cðsÞÞ ! ðh0 ðsÞ; c0 ðsÞÞ.
h
Now we show Lemma 3. Under assumptions P
A1–A7, we want to show that the estimator ^
hP
c ðsÞ has a Bahadur representation
T
0
0
T
0
1
1=2
uniformly in both s and c. Define X1 ðs; cÞ ¼ T
n¼1 ft ðxt ðcÞ h0 Þxt ðcÞxt ðcÞ and ST ðs; cÞ ¼ T
n¼1 ws ðyt  xt ðcÞ h0 Þxt ðcÞ, where
ws(u) ¼ s  I(u < 0) is the influence function of the quantile regression model. As in Lemma 2, we define a and b as the subsets of
parameters in h that correspond to the regimes qt1  c and qt1 > c respectively, such that h0s ¼ ða00s ; b00s Þ0 signifies the true
parameter vector. In addition, define the following weighted quantities,
^ sc ¼
D

!
pﬃﬃﬃ
T ð^
a  a0s Þ
pﬃﬃﬃ sc
^  b Þ; ;
T ðb
sc
0s

Ds ¼

!
pﬃﬃﬃ
pﬃﬃﬃT ðasc  a0s Þ :
T ðbsc  b0s Þ;

pﬃﬃﬃ

^ sc ¼ minD PT q ðy  ðDs ÞÞ.
Let yt  xt ðcÞ0 h0s and yt;c
ðDs Þ ¼ yt  xt ðcÞ0 Ds = T ¼ yt  xt ðcÞ0 hðsÞ. It follows from (4) that D
s
t¼1 s t;c
Set
Vn ðs; c; Ds Þ ¼ T 1=2

T
X


ws ðyt;c
ðDs ÞÞxt ðcÞ ¼ T 1=2

t¼1

Vn ðs; c; Ds Þ ¼ T 1=2

T
X

T
X

ws ðyt  xt ðcÞ0 ðh0s þ T 1=2 Ds ÞÞxt ðcÞ;

t¼1

E½ws ðyt  xt ðcÞ0 ðh0s þ T 1=2 Ds ÞÞxt ðcÞ:

t¼1

^ 1 ðs; cÞ, Lemma 3 then
Noting that D0s Vn ðs; c; kDs Þ is an increasing function of k 1 and using A6 for the uniform consistency of X
follows from an application of Lem A.4 of Koenker and Zhao (1996). This is proven by noting that from assumptions A1–A7 and
similar arguments as in Lem 2 and 3 of Su and Xiao (2008), sups2T supc2G supkDkM kVn ðs; c; DÞ  Vn ðs; c; 0Þ þ X1 ðs; cÞDk ¼ op ð1Þ
^ sc Þk ¼ op ð1Þ, and from the following auxiliary Lemma.
and sups2T supc2G kVn ðs; c; D
LEMMA A1.

Suppose Assumptions A1–A7 hold. Then,
sup sup sup kVn ðs; c; DÞ  Vn ðs; c; 0Þ  ½Vn ðs; c; DÞ  Vn ðs; c; 0Þk ¼ op ð1Þ:
s2T c2G kDkM

PROOF. The detailed proof is omitted but available from the authors upon request.

h

The next auxiliary lemma shows Donskerness of the ST(s,c) process.
LEMMA A2.

Suppose assumptions A1–A7 hold. Then, the process ST(s,c) is Donsker.
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PROOF. Let
ST ðs; c; hðsÞÞ ¼ T 1=2

T
X

0
xtc ½1ðyt  xtc
hðsÞÞ  s ¼ T 1=2

T
X

t¼1

xt ðcÞ½1ðFt ðyt Þ  sÞ  s;

t¼1

where Ft(Æ) is the conditional distribution function of yt, and the last equality follows because Assumption A4 implies F(Æ) is absolute
continuous and strictly increasing almost everywhere. Define ut ¼ Ft(yt), then ut has a standard uniform distribution. Hence,
ST ðs; c; hðsÞÞ ¼ T 1=2

T
X

xt ðcÞ½1ðut  sÞ  s

t¼1

¼ T 1=2

T
X
ðxt 1ðyt1  cÞ;

xt 1ðyt1 > cÞÞ½1ðut  sÞ  s:

t¼1

Note that the functional class V ¼ f1fyt1  cg; c 2 Gg is a VC subgraph class and hence also Donsker class, with envelope 2 [see
e.g. Arcones and Yu (1994) and Dehling et al. (2002)]. By a similar arument H ¼ f1fut  sg; s 2 T g is Donsker. Note that
J ¼ fs 7! sg also belongs to a bounded Donsker class. Hence the functional class H  J is also Donsker with envelope equal 2.
The product of V with x also forms a Donsker class with a square integrable envelope 2Æmaxj 2 1,…,d|xj|. Hence, since the envelope is
square integrable, ST(s,c) is Donsker.
h
Now we prove Theorem 1 and Lemma 4.
PROOF. Let us fix c 2 G, for certain s 2 T given. Using the above notation this implies that ^
hðsÞ ¼ ^
hc ðsÞ and h(s) ¼ hc(s). Now,
from the Bahadur representation of the QR model

pﬃﬃﬃ
^ 1 ðs; cÞST ðs; cÞ þ op ð1Þ;
T ^
hðsÞ  hðsÞ ¼ X
1
where
T
1 X
xt ðcÞws ðyt  Ft1 ðsÞÞ
ST ðs; cÞ ¼ pﬃﬃﬃ
T t¼1

is the score function and ws(u) ¼ s  I(u < 0) is the influence function in the quantile regression models. By the law of iterated
expectations E½xt ðcÞws ðyt  Ft1 ðsÞÞ j =t  ¼ 0. Now, by the central limit theorem, Slutsky’s theorem, and A1–A7,
T
X
1 ^ 1
pﬃﬃﬃ X
xt ðcÞws ðyt  Ft1 ðsÞÞ ) Nð0; Rðs; cÞÞ;
1 ðs; cðsÞÞ
T
t¼1

ð16Þ

with R(s,c) ¼ s(1  s)X1(s,c)1X0(c,c)X1(s,c)1. This proves Lemma 4. We can extend this result to the corresponding functional
process indexed by s and c, with s and c dense in T and G respectively. By Lemma A2, this is possible given that the class of functions
we are interested belongs to the Donsker class. Then, this process converges in distribution in the Skorohod space DðT ; GÞ, equipped
with the uniform norm, to a bivariate Gaussian process with zero mean and covariance kernel
Kððsi ; ci Þ; ðsj ; cj ÞÞ ¼ ðsi ^ sj  si sj ÞX1 ðsi ; ci Þ1 X0 ðci ; cj ÞX1 ðsj ; cj Þ1 ;
for every i, j ¼ 1,…,n with si ; sj 2 T and ci ; cj 2 G. Finally, we obtain
pﬃﬃﬃ
T ð^
hc ðsÞ  hc ðsÞÞ ¼ X1
1 ðs; cÞST ðs; cÞ þ op ð1Þ;
that converges in distribution to the mean zero bivariate Gaussian process B(s,c) with covariance kernel K((si,ci),(sj,cj)).

h
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NOTES
1. For the quantile s of the Q-TAR process with q(xt) ¼ yt1 this condition is equal to h01(s) + h11(s)c(s) 6¼ h02(s) + h12(s)c(s).
2. For sake of space and interest we omit the proof of consistency of this estimator.
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3. See e.g. cor 9.26 in Kosorok (2008). It is important to note that the ‘preservation of products’ result does not hold in general for
Donsker classes, but it holds for integrable Glivenko-Cantelli classes.
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